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Abstract

When managing projects with considerable uncertainty ag¢hose arising in construction, defense,
and new product development, it is customary for a manufaci{project manager) to offer contracts
under which each supplier (contractor) receives a preHfspeépayment when she completes her task.
However, there are recent cases in which the manufactuprses “delayed payment” contracts under
which each supplier is paid only when all suppliers have deted their tasks. By considering a model
of one manufacturer ana> 2 identical and independent suppliers with exponentialgetion times,
we analyze the impact of both a delayed payment regime anddelayed payment regime on each
supplier’s effort level and on the manufacturer’s net piafgquilibrium. When the suppliers work rates
are unadjustable, we conjecture that the manufacturetusihc worse off under the delayed payment
regime. However, when the suppliers work rates are adjlestade obtain a different result: the delayed
payment regime is more profitable for the manufacturer eitfteen the project revenue is sufficiently

small or when the number of suppliers is sufficiently large.
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1 Introduction

The growing importance of effective project managementié@so the development of many project man-
agement tools since the 1950s such as Critical Path MethBMJCProject Evaluation and Review Tech-
nigues (PERT), and cost-time tradeoff analysis (Klast(2id04)). These tools are effective when there is
little uncertainty in project completion times and/or ogtérg costs. However, relatively little is known
about ways to manage projects with considerable unceytainth as those arising in construction, defense,
and new product development. Although we have withessed@edsed research interest in examining
supply contracts under uncertainty (Cachon (2003))elitdsearch has been done in the area of project
management contracts under uncertainty.

Consider a manufacturer who manages a project consistimp>of separate and independent tasks
that can be performed by different suppliers in parallel.e Tibanufacturer’'s contract with each supplier
specifies both the payment to the supplier and the paymenstem practice, we observe two different
payment regimes: no delayed payment and delayed paymedérthre conventional or no delayed payment
regime, a supplier receives her payment immediately afterss completed her task. Under the delayed
payment regime, however, each supplier receives her payomdy whenall suppliers have completed
their tasks. We offer three examples to illustrate the erist of both payment regimes in practice. First,
consider a translation agency that offers one-stop writtenslation services to customers who need to
translate customer-specific materials such as employedbbaks, safety manuals, and web site content
from a source language (e.g., English) to multiple targeglmages (e.g., Spanish and Italian). Typically,
the agency receives full payment from the customer upon ahgptetion of the entire translation project.
Most agencies outsource the translation work associatédeach target language to an external translator.
According to our discussion with the managing director dihin Translations Services (www.inlinela.com)
based in Los Angeles, both payment regimes are common itigga&Second, consider a home warranty
company that offers comprehensive home repair servicesrtelowners. Upon receiving a repair service
request from a customer, the company outsources the aepait tasks to different independent contractors
who specialize in different types of repair services (efgctrical, plumbing, flooring). For example, when
one of the authors requested a home warranty company ta td@pditchen after an accidental flood, the
home repair company managed his request by coordinatifeyatit repair tasks performed by a plumber,

an electrician, a carpenter, and a carpet installer. A@egrib a manager of First American Home Buyers



Protection Corporation (www.homewarranty.firstam.cobgth payment regimes are common in practice.
Third, when Boeing developed its 737 and 747 aircrafts, Bpefifered the no delayed payment regime to its
suppliers. When developing the 787 aircraft, however, Bp@nposed the delayed payment regime (also
known as the “risk-sharing” contract) upon its strategipmigers. As reported in Greising and Johnsson
(2007), the risk-sharing contracts stipulate that thesseglic suppliers will not receive payments from
Boeing to recoup their development costs until tingt 787 plane is developed, certified, and delivered to
Boeing'’s first customer (Japan’s All Nippon Airways).

Even though both payment regimes exist in practice, we asgvare of any formal study regarding
the rationale behind each payment regime. Based on oursdiecuwith two translation agencies, various
translators, and two major Boeing suppliers who requeshyndy, we learned of the following issues.
First, all suppliers believe that the no delayed paymeritireds fair because the timing of each supplier’s
payment depends only upon her own performance (completite).t Because the timing of the payment to
each supplier depends on the completion times of all sugplieder the delayed payment regime, there is a
consistent perception among suppliers that the delayetigatyregime penalizes those suppliers who finish
early. Consequently, some suppliers are incentivized tkstower under the delayed payment regime.
Second, because each supplier is paid when she completesrheask, the no delayed payment regime
can create potential cash flow problems for the manufactasgecially when the last supplier completes
her task very late. As a way to reduce the manufacturer’s dimarisks, some manufacturers believe that
the delayed payment regime provides an incentive for thelsup to coordinate their tasks better so as
to complete the entire project earlier. In summary, all siepp prefer to receive their payments earlier,
while the manufacturer prefers to issue his payments latgs sentiment suggests that both suppliers and
manufacturers discount the value of future payments, reitieugh mental calculations or actual financial
discounting. Accordingly, we assume that there exists arptited” continuous time discount rate in our
model. Also, we consider the case when the manufacturertenduppliers are interested in maximizing
their own expected discounted profit.

As an initial attempt to analyze these two payment regimésaicontext of project contracts with uncer-
tain completion times, we consider the case in which one faatwrer engages > 2 identical suppliers in
the project. By considering an abstraction of the aforeroeat industry examples, we propose a stylized

model to capture the salient features of the two regimesderdo gain intuition as to which regime yields



a shorter project completion time and which regime impdméslarger manufacturer’s profit. Although we
compare the manufacturer’s profits associated with two paymegimes that are simple and common in
practice, there may be other payment regimes that domihate ttwo regimes. As such, our intent is to
develop a basic model which can be used as a building blockami@e more general settings. We discuss
other payment regimes and future research in Section 5.

Our model consists of one risk-neutral manufacturerrar@® identical risk-neutral suppliers. The man-
ufacturer will receive a total revenue of from his customer upon delivering the product or servicecihi
occurs when all suppliers complete their tasks. Hencefaréirefer tog (and notng) as the manufacturer's
revenue. The manufacturer acts as the leader in a Stadkejbere by selecting not only the paymemnt
to be paid to each of the suppliers but also the payment refgitieer the no delayed payment regifNe
or the delayed payment reginiy. Given the paymenp and the regime, each supplier acts as a follower
by selecting her optimal work rate. The completion time affetask is uncertain. Because each supplier
receives her payment only after all suppliers have compliteir tasks under the delayed payment regime
D, each supplier needs to take the other suppliers’ work iatesconsideration when selecting her own
work rate.

Throughout this paper, we consider the case when each sufgpinformed of the progress of the other
suppliers. (For example, under the Boeing'’s 787 developmpergram, the completion time as well as the
progress of each task are commonly observed by all supghiian and Kotha (2005)).) In Section 3, we
present our base model wherein we assume that suppliersa&ieuo adjust their work rates once selected
at time 0. This assumption is reasonable in many practi¢tihge® In Section 4, we relax this assumption
so that each supplier can adjust her work rate dynamicakly tsne. Our analysis answers the following

guestions:
1. Given the paymenp, what is the supplier’s optimal work rate under regirikandD?
2. Given the revenug, which regime will yield a higher expected profit for the méaaiurer?

3. What conditions render one regime more profitable for thaufacturer?

1Based on our private communication with a law firm that spizeia in construction laws, we learned that each supplienik
rate is usually specified in the contract, which cannot bastdfl dynamically because there are other involved pani#sding
materials suppliers and subcontractors (Kromke (2009). eikample, for freeway repair projects that require lanswles, the

work rate cannot be adjusted dynamically due to a lengthyaspbprocess.



4. How would a supplier’s ability to adjust her work rate afféa) her optimal work rate, (b) the manu-

facturer’s optimal profit, (c) the dominance of one regimerahe other?

The primary contributions of this paper are two-fold. Kistir paper is the first to construct a model
of a project management contract with and without delaygdneats with uncertain completion times.
Second, we derive conditions under which one payment redomenates the other when the work rates are
unadjustable and adjustable. Specifically, when the wddsrare unadjustable, we conjecture that, contrary
to the naive intuition shared among practitioners, the rfeaturer is actually worse off under the delayed
payment regime. This conjecture is supported by numeritdlpartially analytical results. However, when
the work rates are adjustable, we obtain two additionalésteng structural results: (1) under the delayed
payment regime, it is optimal for each supplier to begin vaitilow work rate and then switch to a faster
rate when another supplier completes her task, and (2) fagatepayment regime is more profitable for
the manufacturer either when the project revenue is suffigiemall or when the number of suppliers is
sufficiently large.

This paper is organized as follows. Section 2 provides & besew of related literature. Section 3
presents the base model for the case when suppliers’ wa aa¢ unadjustable. In Section 4, we consider
a different setting in which each supplier is capable of siijg her work rate over time. The analysis
is more complex because it involves the analysis of an restamn-cooperative game. Despite certain
technical challenges, we establish analytical conditionder which one payment regime dominates the
other in equilibrium. We conclude in Section 5 with a briefrsnary of our results, a brief discussion of two
payment regimes that are slightly more general than reghhasdD, and a discussion of the limitations
of our model and potential future research topics. To sthe@nour presentation, all proofs are given in the

Online Appendix.

2 Literature Review

To our knowledge, a time-based project contract with delgpgyment has not been examined previously in
the project management literature. In particular, theeglaee features of the time-based contract analyzed
in this article which differ markedly from the existing supgontract literature (Cachon (2003) and Tang
(2006)). First, under the delayed payment regime, eachlisuppceives payment at the time when all

suppliers have completed their tasks. Consequently, egmplisr needs to take into account the other
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supplier's behavior when selecting her own work rate. lhietigh this interaction among suppliers that the
several underlying supply contracts are, in effect, tramséd into a single joint supply contract between the
manufacturer and his multiple suppliers. This linking of #everal suppliers is a fundamental and crucial
departure from the traditional supply contract. A relat@@iiaction among suppliers has been examined by
Cachon and Zhang (2007). For an exogenously given jmitieey consider the case when the manufacturer
allocates randomly arriving jobs to different suppliersddhey develop a queueing game to evaluate the
expected lead time for different allocation policies. Irithmodel, each supplier selects her work rate so as
to optimize her expected profit by taking other suppliersdor into consideration. Their model differs
from ours in that they focus on different allocation pol&ighereas we concentrate on pricing policies under
different payment regimes. In addition, their model is loase substitutable tasks while ours focuses on
complementary tasks.

The notion of substitutable tasks (or technologies) hags lkegamined in the economics literature. For
example, Reinganum (1982) analyzes a search game amongitognfirms who conduct new product
R&D. The underlying technologies for the new product are plements: the profit of a given firm decreases
as the costs of the other firms decrease. She establishesistemnee of a Nash equilibrium in which each
firm searches until it finds a cost below its reservation thwles Naturally the R&D efforts of a given firm
decreases as the other firms increase their efforts. In the gain, the R&D model in Lippman and Mamer
(1993) represents the extreme in substitutability. Thedfiemgage in R&D, and the first firm to make the
decision to bring its product to market wins the entire marl&ringing a low quality product to market
results in a low firm profit, which spoils the market for the eitlirms. These R&D models are based on
substitutable tasks (or technologies) while ours focusesomplementary tasks.

Wang and Gerchak (2003) present a model that deals with emngpitary tasks in the context of as-
sembly operations: a manufacturer sells a product thatnesydifferent assembly components produced by
different suppliers. To produce the components, the sefgptieed to construct their individual component
production capacities before observing the actual ordantifies to be placed by the manufacturer. In this
case, the effective production capacity of the product e¢sated by the minimum of the component pro-
duction capacities. As a way to induce proper componentaiypiastallation, the manufacturer offers a
per unit price to each supplier for its component; howeves, rhanufacturer delays its order-quantity un-

til demand uncertainty is resolved. By solving a Stackejtgmme in which the manufacturer acts as the



leader who specifies the per unit price of each componentrensduppliers act as followers who install the

component production capacities, Wang and Gerchak (2068)dfitermine each supplier’s best response.
By anticipating the supplier's best response, they detsgrttie manufacturer’'s optimal per unit price. Their

model differs from ours in that they focus on the suppliersiquction capacities while we concentrate on

the suppliers’ work rates under time-based contracts witbrdnt payment regimes.

The economics literature on multi-agent incentive conttiagory is vast: some seminal papers include
Holmstrom (1982), Demski and Sappington (1984), Mooklee(fE984), McAfee and McMillian (1991),
and Itoh (1991). While our model deals with multiple suprdi¢agents), our setting and our focus are
different from multi-agent incentive contract theory iretfollowing sense. First, our model is intended
to compare two common payment regimes in the context of groj@nagement contracts with uncertain
completion times, while the multi-agent models focus onnairéng the existence of Nash equilibrium
and general characteristics of optimal incentive congrdetg., Holmstrom (1982), Mookherjee (1984),
and McAfee and McMillan (1991)). Second, in our model, thenofacturer receives his revenue at the
instant when all suppliers have completed their tasks smtreufacturer’s expected profit is a non-separable
function of the suppliers’ outputs (i.e., the completianés of different tasks). In most multi-agent models,
the manufacturer’s (principal’s) expected profit is a sapl function of the suppliers’ outputs (e.g., Itoh
(1991)). Third, in our model, the completion time of eactkt®sa continuous random variable, while in
most economic models, the outcome of each task takes orettisealues (e.g., Demski and Sappington

(1984) and Itoh (1991)).

3 Base Model: Unadjustable Work Rates

The manufacturer will receive a total revermgfrom a customer when the project is complete. (To focus
our analysis on the interaction between the manufacturémasuppliers and to obtain tractable results,
we assume that the revennq is given exogenously. Without this simplifying assumptiome needs to
analyze a 3-level Stackelberg game with- 2 players, which is beyond the scope of this paper.) The
project consists oh > 2 parallel tasks, each of which is to be performed by a distxternal supplier.
Throughout this paper, we assume the tasks are of equalidtiffand the suppliers have equal capability so
that the manufacturer will offer an identical paymerto all suppliers. (In many instances, the assumption of

identical suppliers is reasonable and innocuous. For ebammgranslation services, the price for translating



a document into Spanish or Italian is usually the same becigsdifficulty of translation is quite similar.
While an approach similar to ours can be used to analyze e afanon-identical suppliers, the analysis
is highly complex due to asymmetric equilibria and is beytimel scope of this paper.) In addition to the
paymentp, the manufacturer specifies the payment reghinar D. Under the no delayed payment regime
N, each supplier is paid immediately after she completeswwartask. UndeD, each supplier is paid when
all n suppliers have completed their tasks.

We assume that the completion tideof development taskis exponentially distributed with parameter
ri, where the work ratg > 0 is selected by supplieat time 0,i = 1,---,n. The exponential completion time
assumption is commonly assumed in the project managenterstlire (e.g., Adler et al. (1995), Maggott
and Skudlarski (1993), and Pennings and Lint (1997)). Ressithe empirical evidence for exponential
completion times cited in the project management litemf{@hoen et al. (2004)), Dean et al. (1969) argue
that an exponential completion time is more realistic indtwetext of project management than the Normally
distributed completion times that are commonly assumeg, Bayiz and Corbett (2005)).

In the base model, we assume that, due to practical reasates starlier, the supplier is unable to ad-
just her work rate; once selected at time 0. (We shall relax this assumption atid3e4.) Therefore, the
project completion timd satisfies:T = max{X; :i = 1,---,n}. To capture the sentiment that all suppliers
prefer to receive their payments earlier and the manufacinefers to issue his payments later,det 0
be the “imputed” continuous time discount rate. The expgkdiecount factor associated with the project
completion timeT = max{X; : i = 1,---,n} (or the time for the suppliers to receive their payments unde
regimeD) is denoted byn(r1,---,rn) = E(e7%T). Because the distribution of is F(t) = 1— e, the dis-
tribution of T is F(t) = I, Fi(t). Hence, the discount fact@q(r1,---,rn) = E[e %T] = [5 e ®d(F (1)) =
a- [o e %F(t)dt, where the last equality is obtained via integration bya8imilarly, the expected dis-
count factor associated with the completion time of tagk the time for supplier to receive her payment
under regimeN) is denoted by(ri): B(ri) = E(e"%) = [’rie”(1*%tdt = L. Our analysis utilizes the

following properties oBn(ry,---,rn).
Lemma 1 For any positive integer n, the expected discount fagri, - --,rn) satisfies:
1. Bn(ry,---,rm) = E(€9T) <E(e %) =B(r;) fori=1,---,n.

2. Bn(rs,---,rp) isincreasing and strictly concave infori=1,--- n.



3. Bn(ry,---,rn) is a submodular function dfq,---,ry): % > 0fori# j.

4. Wheny=rVi, Bn(ry, ) =30 (]) (— 1)l e Bylettlng e =x, we can exprefy(ry,---,r) =
9. fox @/ (1—x)"dx=2-B(£,n+1) =[], 5, WhereB(.,.) is the Beta function (Chap. 6 of
Abramowitz and Stegun, 1965).

5. Wheny=rforalli, Bn(ry,---,rn) is decreasing in n and increasing in r.

Because each supplier gets paid only when all suppliers ¢t@wpleted their tasks under regirbe state-
ment 1 asserts that each supplier's payment is discounteel meavily under regimb. Statement 2 asserts
that each supplier can reduce this “discounting penaltylenmegimeD by working faster, and statement 5
asserts that each supplier's payment is discounted moxéyhaader regimeD as the number of suppliers
nincreases.

The supplier's operating cosi(r) per unit time associated with work rateis a convex increasing
function. To simplify our analysis, we assume that) = kr? with k > 0. Hence, suppliei’s expected

discounted total operating cost equﬁ[go>Q K(ri)-e otdt] = [5° [fo K(ri)-e~%tdt] rie~"Xdx = kr?/(ri + ).

3.1 Profit functions and Participation Constraints

We now determine the supplier's and the manufacturer's @rpediscounted profit and their willingness to
participate in the project under each regime. Under redimsupplieri gets paid immediately when she
completes her task. Given the manufacturer's paynpestipplieri’s expected discounted profitN(p;r;)

under regimeN satisfies
2

MN(p;ri) = p-B(ri) — , fori=1,---,n. (3.1)

r+a
We assume that each supplier will participate in the prajacter regimeN if the supplier's expected dis-
counted profit exceeds a minimum target. We set this targ@tsim as to simplify our exposition. Hence,

supplieri’s participation constraint is given by
max NN(p;ri) > 0. (3.2)

Under regimeD, supplieri gets paid when all suppliers have completed their taskser@iy the sup-

plier's expected discounted profit® (p;ry, ---,r,) under regimeD satisfies
2

nP(p;rla'“vrﬂ) = p'Bﬂ(rly"'yr ) f0r|—1 (33)

r.+



Hence, given the other suppliers’ work rates, suppligill participate in regimeD if

nlaXﬂP(p;rl,---,ri,---,rn)>O, (34)

For any given paymenp that ensures supplier participation, the manufactureqeeeted discounted

profit under regimeéN satisfies

Mh(pa) = nG-Ba(r, ) =P 3 Bri) (3.5)

Because the manufacturer can elect not to participate iprtfject (by settingo = 0 and earning no profit),

the manufacturer will participate in reginheif
MN(q) >0, wherenN(q) = max MN(p;q), subject to(3.2) V. (3.6)
Similarly, the manufacturer’s expected discounted profiar regime® satisfies
NR(Pa) = n(A—p)-Ba(re,--,r), (3.7)
and the manufacturer will participate in regimbef
MP(q) >0, whereNP(q) = max MP(p;q), subject to(3.4) Vi. (3.8)

Let us now compare the supplier's and the manufacturer8tomctions for the case when all parties
participate under both regimes. For any given work rgtese can us@,(ry,---,rm) < B(ri) givenin Lemma
1 to show thafiN(p;r) > MP(p;rq,---,ri,---,rp) for alli and thaf1}},(p; g) < MR (p; ). These observations
confirm a basic intuition: when the priggand the work rates are the same under both regimes, supplier
prefers regimé\ while the manufacturer prefers regirbe However, when the manufacturer offers different
prices and when the suppliers select different work rateleudifferent regimes, it is unclear which regime
will yield a higher expected profit for the manufacturer. Buleess this question, we analyze a Stackelberg
game in which the manufacturer has the first move andtbeppliers simultaneously move second. The
manufacturer starts by selecting the regime (either D) and the paymenp. As in a backward recursion,
each supplier determines her work ratgiven the regime ang. Anticipating each supplier's work ratg
the manufacturer selects the paymenthat maximizes his expected profit. The manufacturer selbet
regime that yields the higher expected profit, and he infdirasuppliers of the regime and the prige in

response, the suppliers select their optimal work rates.
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Lastly, there is a property of the profit functions which ismensely useful for numerical analysis. Itis
straightforward to verify that there exist parameter—fﬁm@ctionsﬁn(-), [N(-), andiN(-) whose functional
forms do not contain any model parameters such andk and which satisf\Bs(r1,...,ry) = Bn( @),

NN(p;ri) = kafN(2; 5y, AN(p;a) = kafN(&; ), andNi(q) = kafN(L). (The explicit functional
forms of By(-), FIN(:), and [IN(:) appear in the Appendix.) Similarly, we also hal@(p;ry,...,ry) =
kalP(2; 4, .. ), NP (p;q) = kaMR(2; L), andN®(q) = kaMR (L) for some parameter-free functions
I‘IP(-) andl‘la(-). This is a convenient property when we numerically compheerélative magnitudes of
MN(g) andNB(q); For eachn, the ratio off1N(q) to I'ID(q) is a function only ofg/ak, so we only need to
vary a single variable)/ak to studyM}(q)/NR(a) = MN(&)/M5(2), and we do not need to vary a,

andk independently.

3.2 N: The No Delayed Payment Regime
We begin by determining the supplier’s optimal work rate ergected discounted profit.

Proposition 1 Under regime N, supplier i's profit functioﬁli’\‘(p;r) given in (3.1) is concave in r, and

rN(p), supplier i's optimal work rate, is given by
m(p) = M(p) = a(y/1+ - 1). (3.9)
Supplier i's optimal expected profitN(p) = NN(p;rN(p)) is given by

N (P)2 = ka( 1+£<—1)2. (3.10)

Observe from (3.10) and (3.9) that each supgleparticipation constraint (3.2) is satisfied if and only if
p>0.
Using the optimal work rate,'\'(p) given in (3.9), it is easy to compute the expected projectpietion

time E(TN(p)) = E(max{X; :i =1,---,n}), whereX; is exponentially distributed with parameteé¥(p)

Corollary 1 The expected project completion timéT& (p)) under regime N satisfies

ETP) =

wherey(x) is the Digamma functiof.Also, E(TN(p)) is increasing in n and decreasing in p.

[Wn+1) —w()], (3.11)

2The Digamma function(x) is the derivative of the logarithm of the Gamma functiai(x) = a‘%(ln(r(x)) = f(;"’(e%t —

(1‘9:;;) )dt. Whenn s a positive integelp(n+1) — (1) = y_, k~1 (see Chap. 6 of Abramowitz and Stegun (1965)).
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Corollary 1 confirms that, as the number of supplieiacreases, the expected completion time increases.
Also, the expected completion time can be shortened if theufaaturer offers a larger paymem{because
rN(p) given in (3.9) is increasing ip).

While Proposition 1 reveals that all suppliers will paraie in the project under reginlwhenp >
0, the manufacturer will not participate if the revengés below a certain threshold. This is because,
under regimeN, the manufacturer has to pay each supplier when she commieteown task, but he must
wait to receive his revenue until all suppliers have congulegheir tasks. This “time delay” can cause the
manufacturer to suffer a loss when the reveque below a threshold},. By noting that the “time delay”

becomes more severe as the number of suppli@rsreases, we obtain the following result:

Lemma 2 (Conditions for Participation under Regime N) Under regidegeach supplier will participate
in the project if and only if p> 0. Also, there exists a unigue thresholg>g 0 such that the manufacturer
will not participate if the revenue € q,, where g is increasing in n. Moreover, when n is sufficiently large,

On = & (Inn)? +O(Inn).

Becauseq, is increasing i, Lemma 2 asserts that, for any fixed revemighe manufacturer will not

participate when the number of suppliers- T, wheret) = argmin. {gn > q}.

3.3 D: The Delayed Payment Regime

Under regimeD, each supplier receives her payment when all suppliers tanwgleted their tasks: each
supplier's expected discounted profit depends on all seyghwork rates. We now show that there exists a

symmetric Nash equilibrium.

Lemma 3 Given(ry,..ri-1,ri+1,-..,M), supplier i's expected discounted prolﬂlP(p;rl,---,rn) given in
(3.3) is concave injr Also, supplier i's best responsg(i.e., the value ofrthat maximize§1P (p;ry,---,rq))

is increasing in § for j # 1.

Proposition 2 There are no asymmetric Nash equilibria. There is a threshml> 0 such that if p> py,
then there are multiple symmetric Nash equilibria in whidhsappliers work at the same rate r, where r

satisfies

2kar + kr2
%B(GTH,n)[¢(GTH+n)_w(G:_r)]:( (gr++r)2r)

, (3.12)

12



where B.,.) and y(.) are the Beta function and the Digamma function, respegtivAimong all possible
equilibria, the Nash equilibrium with the largest work ratB(n; p) has the following properties: both
rP(n; p) > 0 and its corresponding expected discounted profit for theksepnP (n; p) > 0 are decreasing

inn.

To ease our exposition, we defer our discussion of the thtégh, and supplier participation till Lemma
4 below. Proposition 2 has three implications. First, obsdrom the last statement that the largest work
rate in equilibriumrP(n; p) satisfiesr®(n; p) < --- < rP(2;p) < rP(1;p) = rN(p). This implies that, due
to the delay in receipt of payment and the “gaming effect” agheuppliers, the supplier’s optimal work
rate under regim® is lower than the optimal work rate under regite r°(n; p) < rN(p). This result is
intuitive because, under reginde each supplier is effectively penalized for completingtiask before other

suppliers. Second, using the proof of Corollary 1, it is ckbat

ET(P) = o7

BecauseP(n; p) < rN(p), (3.11) and (3.13) reveal th&(TP(p)) > E(TN(p)): the expected project com-

[Wn+1) —w(1)]. (3.13)

pletion time is longer under regime. This result is expected because the supplier's optimak wate
under regimeD is lower than the optimal work rate under regile Third, becauseP®(n; p) < rN(p), the
lower work raterP(n; p) reduces suppliers discounted operating co#@% as well as her discounted pay-
mentp- Bn(ry, -+, rn). Itis not clear if suppliei’s expected profifi®(n, p) = NP (p;rP(n, p),---,r(n, p))
is lower under regimé®. However, by combining the fact th&tP(n, p) = MN(p) whenn = 1 (because
rP(1;p) = rN(p)) with NP (n; p) decreasing im, we can conclude th&tP (n; p) < --- < NP(1;p) = NN(p).
Therefore, giverp, the supplier’'s profit under regini2is indeed lower than under reginhe

There is no closed form expression for the equilibrium water® (n; p) that solves (3.12) fon > 2;

however, we obtain a closed form expression wher2. Whenn =2, (3.12) reduces tq:(af’k—";)z — ﬁ%] —

2 K "
(Z‘Eg:;;‘zr ) = _ (r+£>k2(h2(rrjra>2 =0, whereh(r) = 4r3+ 12ar?+9a?r — 3Par + 203 — 2£a?. By examining the

cubic equatiorh(r) = 0, we get:

Corollary 2 When n= 2, rP(2;p) = 0if p < pp, where p = ka. If p > pp, then P(2;p) =0 is an

equilibrium, and the only Nash equilibrium witR (2; p) > 0 satisfies

r°(2;p) = «a [,/14-%005(@/3)—1] , where (3.14)
_ n/ p
¢ = T—arcta Q- (3.15)
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Corollary 2 informs us that, whep exceed$,, there is a unique Nash equilibrium with positive work rate
so that the suppliers earn positive profits. Consequently,Rareto optimal for the suppliers to select the
equilibriumr®(2;p) > 0 whenp > ps.

Observe from (3.7) that the manufacturer's prétff(p;q) = n(q— p) - Bn(r1,---,r) = 0 when the
supplier's work rate in equilibriunt®(n; p) drops to zero. In particular, Corollary 2 reveals that, when
n = 2, the supplier's equilibrium work raté® (2; p) will drop to zero if p < p,, wherep, = ka. Hence, in
order for the manufacturer to obtain a positive profit, theereieq needs to exceed a certain threshold so

that his paymenp satisfieqy > p > pz. Combine this observation with Proposition 2, we have:

Lemma 4 (Conditions for Participation under Regime D) Under regigthere exists a unique threshold
pn > 0 such that all suppliers will participate in the project if donly if p> pn. Also, the manufacturer will

participate if and only if the revenueg p,. Moreover, g is increasing in n, and p= kan(Inn+ O(1)).

Unlike the case in which each supplier will participate igiree N if p > 0 (Lemma 2), Lemma 4 reveals
that each supplier will participate in regindeif and only if p > p,. Essentially, the supplier's “participation
threshold” p, under regimeD captures the “imputed” penalty associated with the delaysanent under
regimeD. It follows from Proposition 2 that the supplier's expecpedfit P (n; p) is decreasing in; hence,
it is intuitive that the participation thresholal, is increasing im. In addition, there is another factor that
contributes to the growth g, in n: asn increases, each supplier will work even slower due to thenigg
effect” among suppliers. Hence, asncreases, the delay in payment is exacerbated, whichiagphhy
the thresholdo, grows faster than.

Givenq, Lemma 4 implies that the manufacturer will not participatel will earn zero if the number of
suppliersn exceedsR, wheret? = argmin,-o { pn > q}. By noting from Lemmas 2 and 4 that the threshold

pn grows faster than, whenn is large, we have proved the following Corollary.

Corollary 3 As the number of suppliers n increas€ky(p;q) = 0 when n> t\ and MR (p;g) = 0 when

n> 0. Moreovert? < TN,

Intuitively speaking, the number of supplianshas no effect on supplier participation under regishe
because each supplier cares only about her own completisn tHowever, under regimid, the “time
delay” between the manufacturer's payments and the recthps total revenue increases with the number

of suppliersn so the manufacturer's expected profit decreasas ine will not participate in the project
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under regimeN if the revenuegy < ,. On the contrary, under reginm, the suppliers are concerned about
their discounted payments, which depend on the completinest of other suppliers. As the number of
suppliersn increases, the project completion time lengthens. To gémenough incentive for the suppliers
to participate, each supplier demands a higher paymersghblep,. By noting that the payment threshold
pn is exacerbated by the delay in payment and the “gaming éff@bng suppliers revealed in Proposition
2 (i.e., each supplier will work slower under regidg we make the following conjecture.

Conjecture 1: Forn > 2, p, > s, andp, increases faster thap asn increases.

Conjecture 1 is supported by our numerical analysis in whietfound thatp,/ka = q,/ka for n=2 and
andp,/ka > q,/ka for n = 3,4,...,200. Our numerical result is valid for all valueslof- 0 anda > 0; By
the comment at the end of Section 3.1, for eacthe values ofp,/ka andq,/ka are independent of the
values ofk anda. For example, when = 1 andk = 1, Figure 1 presents a plot gf, andq, as we varyn
from 1 to 35. In the next section, we shall use Lemmas 2, 4, amjeCture 1 to compare the manufacturer’s

optimal profits under regimes andD.

Insert Figure 1 About Here.

3.4 Choosing the Payment Regime

We now compare the manufacturer’s expected profits undenesiN andD. For any givenp that satisfies
g> p > max pn,qgn} so that all parties will participate under both regimes,pesition 2 asserts that under
regimeD each supplier works slower in equilibriumP(n; p) < rN(p)) and earns a lower profifi® (n; p) <
MN(p)). However, it is not clear if the manufacturer earns a higtrefit under regimeD for any given
p. To elaborate, combine statements 5 and 1 of Lemma 1 and ¢heén; p) < rN(p) to show that
Bn(rP(m;p),---,rP(n; p)) < Bn(rN(p),---,rN(p)) < B(rN(p)). Now we can compare the manufacturer’s
profit given in (3.7) and (3.5) to show that the profit compamislepends on two countervailing forces.
The first force is based on the fact that, for any giyeithe suppliers optimal work rate in reginieis
lower. Henceng-Bn(rP(n; p),---,rP(n; p)) < ng:-Bn(rN(p),---,rN(p)): the manufacturer’s discounted rev-
enue is lower under regini2. The countering force stems from the fact that 3,(r°(n; p),---,rP(n; p)) <

np-B(rN(p): the manufacturer’s discounted cost is also lower undémed because the manufacturer ben-
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efits from not having to pay any of the suppliers until he reggihis own revenue. Due to these two coun-
tervailing forces, it is inconclusive wheth&®(q; p) > MN(g; p) when the manufacturer offers the same
paymentp under both regimes. Because the manufacturer would offeareint optimal payments under
different regimes, this observation poses another teaholallenge when we compare the manufacturer’s
optimal expected discounted profit under regieasndD next.

There is no explicit analytical expression for the optimaymentp or the manufacturer’'s optimal
expected profitiN(qg, pV). Similarly, there is no explicit expression for the optinpalymentp® or for the
manufacturer’s optimal expected profit that maximiz&¥(g, p) given in (3.7). Therefore, it is challenging
to compare1N(q) = NN (q; pV) andN2(q) = NP (q; pP). Despite this challenge, we are able to establish

the following intuitive result.
Lemma 5 For n> 2, MNMN(q) andMB(q) are convex and non-decreasing in q.

We now compare the manufacturer’s optimal profit functibi}§q) andrn2(q) analytically for the case
whenq is sufficiently small and for the case wheris sufficiently large. (Whem is in the intermediate
range, we conduct our comparison numerically.) When themeeq is small, we can use the participation

conditions stated in Lemmas 2 and 4 to establish Proposdtion

Proposition 3 (Small Revenue q) If Conjecture 1 is true so thgtpq,, then regime N weakly dominates
regime D: MN(q) = NR(q) = 0 for q € [0,qn], and N(q) = 0 < MN(q) for g € (o, pn]. However, if
Conjecture 1 is not true so that, < gy, then regime D weakly dominates regime NN(q) = NP(q) =0

for g € [0, pn], andnrl:lw(Q) =0< rlr?w(Q) for g € (pn, On).

In light of Conjecture 1, we believe only statement (1) infrsition 3 can occur whem> 2 in which case

regimeN dominateD when the revenug is sufficiently small.

Proposition 4 (Large Revenue ) Suppose g exceeds a unique thregheltieret; > max{pn,gn}. Then
(1) regime N dominates regime DtN(q) > N2(q); (2) the manufacturer’s optimal price is smaller under
regime N: p'(q) < pP(q); (3) the supplier's optimal work rate is larger under regirhe rN(pN(q)) >

rP(pP(qg)); and (4) the expected completion time of the project is gmamder regime N: ETN(pN(q))) <
E(TP(p°(a))).

Intuitively, the dominance of regimid can be explained as follows. When revenmyis large, the manufac-

turer is less concerned about his payments to the suppkesise the optimal paymerg® andpP to each
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supplier under regimeld andD are small relative tg. However, despite a higher payment under regne
(statement (2)), each supplier will work at a slower ratesigimeD (statement (3)) mainly due to the delay
in payment and the “gaming effect” among suppliers unddanmre@®. As the supplier’s optimal work rate is
larger under regim&\l (statement (3)), the earlier completion time (stateme))tdAd the smaller payment
under regimeN (statement (2)) outweighed the disadvantage of having teerttze payment earlier (that
would have occurred under regirdg. Consequently, regimd dominates regim® (statement (1)).
We now compare the manufacturer’s optimal profitd(q) andM2(q) as the number of suppliers

increases. By considering the supplier's and the manuftsunon-participation along with the result

stated in Corollary 3, we have:

Proposition 5 (Large Number of Suppliers) For any given g, regime N donesiaegime D for sufficiently
large n. In other words, for sufficiently large n, there areetsholdst)) and T2, wheret? < tN such that

MN(g) > N2(q) = 0for ne [18,tN] and M (q) = NR(q) = 0 for n > tN.

By observing from Propositions 3, 4, and 5 that regifiéominates regim® whengq is sufficiently
small (or sufficiently large), or whenis sufficiently large, we make the following conjecture.
Conjecture 2: When suppliers are unable to adjust their work rates dyrapicegimeN always dominates
regimesD.
While we are unable to prove Conjecture 2 analytically, Bsitipns 3, 4, and 5 together with our numerical
analysis support conjecture 2: The manufacturer is agtuatkse off under the delayed payment regime
D! In our numerical analysis, we computed the rdii}(q) /ME(q) for 2 < n < 20 and for values ofj/ka
between 0 and 100 in the increment of 0.1, and we foundriligt) /MR (q) > 1 for these values af/ka
andn and for every combination of these parameter values. (Bgdnement at the end of Section 3.1, the
ratio MN(q) /MNP (q) is a function ofg/ka andn only.) This result is surprising because it is contrary & th

naive intuition shared among practitioners that we desdrib the Introduction.

4 Adjustable Work Rates

In the base model, we assumed that suppliers are unableutst #ugir work rates over time. We now relax
this assumption by considering a situation when each sepiglicapable of adjusting her work rate at any

time. Our goal is to examine whether the results and conjestestablished in Section 3 continue to hold.
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Specifically, based on our analysis of the delayed paymemneewith adjustable work rates, we obtain

two additional results: (1) it is optimal for each supplientork at a slower rate initially and then increase
her rate when another supplier completes her task, and éjdtayed payment regime dominates the no
delayed payment regime, reversing the conjecture we madier tine unadjustable work rates assumption,

when the revenue is sufficiently small or when the number ppbers is sufficiently large.

4.1 NI: The No Delayed Payment Regime

Under regimeN |, each supplier receives her paymenivhen she completes her own task. Because each
supplier's expected profit is independent of the other segglcompletion times and because of the memo-
ryless property of her own completion time (which is expdiadhy distributed), it is optimal for suppligrto
continue to work at her initial rate selected at time 0 until she completes her task. Theretweesapability

to adjust her work rate has no effect on the supplier's benaunder the no delayed payment regime: all

results reported in Section 3.2 continue to hold.

4.2 DI: The Delayed Payment Regime

At time 0, each of then suppliers selects her work rate and begins working on hertagk Due to the
memoryless property of the exponential distribution, ¢hisrno incentive for any supplier to adjust her
work rate until one of ther suppliers completes her task. This observation suggests#th continuing
supplier will consider adjusting her work rate only at thgibeing of stagg, j =n,(n—1),---,1,0, where
stagen begins at time 0 wittn continuing suppliers, stage — 1) begins at the instant when one of the
suppliers completes her task so that there(are 1) continuing suppliers, and so forth. Because the work
rate decision is made only at the beginning of each ohtstages, we formulate the supplier’s problem as an
n-stage game. Specifically, at the beginning of stage=n,(n—1),---,1), we analyze a non-cooperative
game among continuing suppliers. Due to the dynamic nature of the gesgame and the delayed payment
regime, each of thg continuing suppliers needs to take the other continuinglgers’ work rates at stage

j and future stages (i.e., staggs- 1),---, 1) into consideration when determining her work rate atesfag
Akin to the backward induction approach for solving a dymapriogramming problem, we now solve this

n-stage game backward in time: solve stage 1 first and sagestast.
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4.2.1 Analysis of the supplier's n-stage game

At the beginning of stage 1, there is only 1 continuing swgpliwho needs to determine her work rate
A, and there arén— 1) “idle” suppliers who have completed their tasks earlier.r Boy work rateA,
supplieri’s optimal expected profit discounted back to the beginnihgtage 1 can be expressed Iéé),
whereRi(l) = max, Ri(l) (A) = max, [—ﬁ—z +p- ﬁ]. (We use the superscript) to denote stagg, where
j=n,(n—1),---,1.) It follows from the fact that the objective function isiatical to (3.1), the optimal work
rate for supplieii at stage 1 is\(V = a(\/ﬁﬁ— 1), which equalgN(p) given in (3.9). By substituting
A into RV (), itis easy to check th&” = K. [A(1]2 > 0. Because the operating costs of these- 1)

idle suppliers have already been incurred prior to the lmggof stage 1, the expected payment discounted
back to the beginning of stage 1 for each of the- 1) idle suppliers, say, suppliér, can be expressed as
3‘, ,Wh(—:‘r(ﬁ(1 +a= - P- This completes our analysis of stage 1.

At the beglnnlng of stage 2, there are 2 continuing suppliarsdi’ who need to decide on their work
rates for stage 2, and there arén— 2) idle suppliers. Suppose supplieworks at rate\ and supplieti’
works at ratgu throughout stage 2. Then the duration of stage®3s= min{X;, X}, whereX; andX; are
exponentially distributed with parameterandy, respectively. Hence, the probablity that supplienishes

before supplier’ satisfiesProb{X < Xy} = ﬁ Also, Prob{Xy < X} = By using these probabilities,

)\+u
the expected profit of suppliédiscounted back to the beginning of stage 2 (for any giverkwuatep of the

other suppliei’) satisfies:

2
(2) e /" 2 —at —at@y A @y M
RI0 = [E[[ e a ) o g e ) R
kA? A dn B
- [_)\+u+a+)\+u+aa( A+u+aRi I (4.1)

By examining the expected profit functiol@é2> (A, and Ri(,2> (A, ) (omitted) associated with both continu-

ing suppliers andi’, we have:

Proposition 6 At stage 2, there exists a unique equilibrium in which bothticaing suppliers work at the

same rate\(?, where

@ (SY - RY)— 2ka] + /| a“ — 2ka? +12<as{1

(4.2)

Als0,0 < A < A =rN(p) and0 < R? < RY
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Proposition 6 states that both suppliers will work at i@ > 0 in equilibrium. Then, as soon as one of
the suppliers completes her task, it is optimal for the reingi supplier to expedite her task by increasing

her work rate fromA(® to A = rN(p). Also, by substitutingh = =A@ into (4.1), we obtairR? =

R? (A2 A2). similarly, it is easy to check th&? = E(e*™”).§" = .22 g This completes the

2)\<2 +a
analysis of the game associated with stage 2.

Using the same approach, we can solve the supplier's gammy atagej, getting:

Proposition 7 Under regime DI, there exists a unique Nash equilibrium agetj, where =1,---,n. It
entails each continuing supplier working at ratg) > 0, where

~ (YR 2k G- 1Y — 2kal?+4(2) — Dkag’

(21 -1k

A — (4.3)

By observing from (4.3) and (4.2) tha&’ Y andR1 ) are functions oA(i-Y , Proposition 7 exhibits that

we can computa (), Ri anda(J in a recursive manner. This completes our analysis of thtagesgame.

4.2.2 Profit functions under regimeDI

For any given paymer, we computed1P' (n; p), supplieri’s expected discounted profit at time 0, and we

found that
nP'(mp) = R", fori=1,---,n. (4.4)

We now determine the expected project completion time. Teajdett(!) denote the duration of stage
j. Note that allj continuing suppliers work at rage}) at stagej, 1) = min{Xy, X2,---,Xj}. BecauseX;,

i=1,---,], are independent and exponentially distributed randonabs with parametex(l), E(1()) =

% Noting that the project completion time is equal to the sdithe duration of alih stages, we have

JA

DI n n 1
E(T — (4.5)
Z j:]. J)\
Also, it is easy to check that
n A
—G-TDI(D) o J )\
E(e ) = Dl 71_ N o (4.6)
Finally, the manufacturer's expected discounted profiguaildrium under regimé| satisfies
DI —a-T% (p) DAl
M (d,p) =n(d—p)-E(e P)=n(a—p)- Dl AT (4.7)
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Letting p°®' denote the manufacturer’s optimal payment, his expectszbdnted profit under regini@! is
given byMpP) (g) = maxy~o0 MR (g, p) = MY (g, p°').

Using mathematical induction, one can check from (4.3) thatsupplier's work rata () is strictly
positive forj =1,---,nif p> 0. This is because, under regié, each supplier can adjust her rates so she
can start slow and work faster later so as to lower her didedutotal cost and to generate a positive profit
(i.e., MP'(n; p) given in (4.4) is strictly positive) provided > 0. Combining this observation with the fact
that the manufacturer’s expected préfif! (g, p) given in (4.7) is strictly positive if and only if > p > 0,

we have:

Lemma 6 (Conditions for Participation under Regime DI) Under regI, all suppliers and the manu-

facturer will participate if and only if g~ p > 0.

Observe from Lemma 6 that the conditions for participatioalass stringent than the conditions for partic-
ipation stated in Lemmas 2 and 4. This suggests that the metouér can obtain a higher expected profit

under regimedl than under regimed andD. We investigate this matter next.

4.3 Choosing the Payment Regime

Due to the recursive formula for the supplier's optimal woake A()) given in (4.3), there is no explicit
expression for the optimal paymepf' that maximizes the manufacturer’s profit functig' (g, p) given

in (4.7) or for the manufacturer's optimal discounted proif} (q) under regimeDI. Nevertheless, we are
able to use the approach presented in Section 3.4 and thegetron conditions stated in Lemmas 6 and 2

to compare1R! (q) andM}(q) analytically wherg is either small or large.

Proposition 8 (Small and Large Revenue q) (1) When q is sufficiently snegfimre DI dominates regime

N: NR'(qg) > NN(q). (2) When q is sufficiently large, regime N dominates regirheld,(q) > N (q).

Proposition 8 is similar to Proposition 4: regiledominates when is sufficiently large. However, when
g is sufficiently small, Proposition 8 exhibits the opposisult reported in Proposition 3. Specifically, if
Conjecture 1 is true, then we can combine the results statBdopositions 8 and 3 to show tHap!' (q) >
MN(g) = N2(g) = 0 wheng € (0,qn]. Hence, the delayed payment regime is beneficial (not bémkfio
the manufacturer when the suppliers work rates are adjesfabadjustable). This result is due to the fact

that, when the revenugis sufficiently small, the manufacturer will participatedan regimeDI and will not
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participate under regimeés andD. Therefore, when choosing a payment scheme, the suppispsbility
to adjust their work rates plays an important role.

We now compare the manufacturer’s optimal profits undemmegDI, D, andN as the number of
suppliersn increases. First, let us examine the manufacturer's ezggutofit under regim®. Observe
from Lemma 4 that the manufacturer's optimal expected pfdfitq) will drop to 0 (non-participation)
under regimeD when the number of suppliers> 12, wheret? = argmin.o {p, > q}. Lemma 6 states
that the manufacturer’s optimal profit is positive for anynder regimeédl. Hence, regim®| dominateD
when the number of suppliersis sufficiently large12! (g) > NM(q) whenn > 1. Next, under regimé\,
one can check from Lemma 2 that the manufacturer’s optinaéeted profif1\(q) = 0 (non-participation)
under regimeN when the number of suppliers> tN, wheret) = argmin,-o {0, > q}. Combining this
observation with Lemma 6, we can conclude that regitheominatedN when the number of suppliersis
sufficiently large:N2! () > NN(q) whenn > 1. Coupling these observations with Corollaryt§ ¢ t?)

produces

Proposition 9 (Large Number of Suppliers) For any given q, regime DI dor@adoth regimes N and D

when the number of supplierssnth.

Coupling Proposition 9 and Proposition 5 reveals fgt(q) > MN(q) > N2 (q) when the number of sup-
pliersnis sufficiently large. Thus, when the number of supplieis large, the delayed payment regime is
beneficial to the manufacturers when the work rates are tadhlesbut not beneficial when the work rates are
unadjustable. Therefore, when choosing a payment regime ffooject contract, the number of suppliers
and the suppliers’ capability to adjust their work ratesdatermining factors.

Our analytical results stated in Proposition 8 and numkexxamples motivate us to develop the follow-
ing conjecture:
Conjecture 3: For any givern, regimeDI dominates regim#! if and only if g is below a certain threshold.
Conjecture 3 is based on the intuition that, wiges small, the manufacturer can only afford to offer a small
payment under regimd3l andN. Although the payment is delayed under regible each supplier can
adjust her work rate over time optimally so as increase haditfiry operating more efficiently. This explains
why the supplier’'s participation condition under regibie(as stated in Lemma 6) is less stringent than that
of under regimeN (as stated in Lemma 2). Because suppliers are more eagertimpjade under regime

DI than under regim&l even when the paymeiptis small, we develop Conjecture 3. While we are unable
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to prove Conjecture 3 analytically, our numerical analgsipports the above conjecture. In our numerical
analysis, we computed the rafith\(q) /MR (g) for 2 < n < 20 and for values ofj/ka between 0 and 100
in the increment of 0.1, and we found that, for eaciN(q)/MNE!(q) < 1 if and only if g/ak is below a
certain critical value. (The comment at the end of SectidnaBso applies to the ratidN(q)/NE!' (q), i.e.,
MN(g)/NY (q) is a function ofg/ka andn only.) For example, by considering the case whes 1 and
k=1, and by varyingg from 0 to 35 andh from 2 to 15, Figure 2 depicts the region within which one
payment regime dominates the others. As shown in FiguregitneD is always dominated by regini¢ or
regimeDIl. Moreover, regimél dominates regim&\ if and only if q is small for any givem. Figure 2 is
representative of our numerical results fox2 < 20 and 0< g/ak < 100. Overall, Figure 2 as well as our

numerical results supports Conjectures 2 and 3.

Insert Figure 2 About Here.

5 Discussion and Concluding Remarks

Our model enabled us to examine how a delayed payment affeetsupplier's optimal work rate, the
manufacturer’s optimal payment, the supplier’s and theufeturer’s expected discounted profits, and the
expected project completion time. When work rates are wiséalple, we obtained numerical and partially
analytical results that support a conjecture that, radativthe no delayed payment regifdeeach supplier
operates at a slower rate and obtains a lower expected pnaft uegimeD for any givenp. Consequently,
for any givenp, use of regimeD lengthens the project completion time. To induce suppliersicrease
their work rates under regime, the manufacturer will offer a higher payment. Partly beeaaof the need
to offer a higher price under reginig, our analytical and numerical results suggested thatragnto the
naive intuition shared among practitioners that we deedrib the Introduction, the manufacturer is actually
worse off under regim®.

We have investigated the effect of the suppliers’ abilitadjust their work rates. Whereas the capability
to adjust work rates has no value to the suppliers under edinthis ability is definitely beneficial to
the suppliers under regimel. By modeling the case of adjustable work rates as an n-stage gwe

have shown that under the delayed payment regime, theres exisequilibrium at each stage in which all
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continuing suppliers work at the same rate. Also, we havevstibat regimeDI dominates regim&l when
the revenuey is small or when the number of suppliarss large.

Our results generate the following insights. Based on asrudision with manufacturers and the sup-
pliers, there is a naive intuition shared among practitistikat, under the delayed payment regime(1)
the manufacturer is better off and (2) the suppliers are evofs While the latter notion is true, the former
notion is not always true. Specifically, we have exhibiteddibons under which the manufacturer is worse
off under the delayed payment regime. These conditionsrakepeon the revenug the number of suppliers
n, and the suppliers’ capability to adjust their work ratesaiyically. These results are interesting because
they run counter to the naive intuition shared among piantts that the manufacturer is always better
off under regimeD. In summary, when designing a project contract, it is imgarfor the manufacturer
to understand the interactions among different factorge(mee, number of suppliers, supplier’s ability, and
supplier's behavior) and their impact on the manufactanerofit. Our model is an initial attempt to examine
some of the underlying dynamics; it has several limitatioRemoving these limitations can serve as the

starting point for future research.

5.1 Other Payment Schemes

The model presented in this paper is motivated by two simplanent regimes commonly observed in
practice. Essentially, both regimbsandD are based on a single decision variapland the timing of the
payment. However, if the manufacturer (and the suppligesidlling to entertain other contracts with more
decision variables, then many other forms of contractsrdesstention. We now briefly discuss two other
payment schemes and refer the reader to Kwon et al. (2008gfails. First, let us consider a regifNe+ D
that combines regimdd andD. Under regimeN + D, each supplier receives a portion of her paymgmt
when she completes her own task and then receives the reggaition of her paymertl — 6) p after all
suppliers have completed their task. In this case, the matwrer has to make two decisiodsandp, where

0 € [0,1]. By using an approach similar to the one used in Sections 3 amike can determine the supplier’s
work rate in equilibrium, the supplier's expected profit ahd manufacturer’s expected profit. While the
analysis is complex, it is clear that regimNer D dominates both regiméé$ andD because regimes andD
are special cases of regie+ D whend = 1 andd = 0, respectively. As such, the manufacturer’'s optimal

profit is higher under regimi + D. The same result holds when the suppliers are able to atigistwork
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rates dynamically.

Second, consider the payment regiPB under which each supplier is compensated according to her
own performance. For example, under regiRR, the manufacturer can pay the suppliers according to
the order of their completion times: pgyy) to the first supplier the moment she finishes, jpgy to the
second supplier the moment she finishes, andmgyto the last supplier the moment she finishes. In this
case, the manufacturer has to makeecisions: p),---, p(n)- By using a similar approach presented in
this paper, one can determine the supplier's work rate iflibium, the supplier's expected profit, and the
manufacturer’s expected profit. While the analysis is caxplve are able to show that the manufacturer's
optimal profit under regim@B is strictly larger than under regini¢ for the case when = 2 and when the
suppliers are able to adjust their work rates dynamicalhe flesults associated with regimés- D andPB

reveal that the manufacturer can benefit from payment regthad involve more decision variables.

5.2 Other Future Research Topics

There are many research opportunities for addressingrthitations of the model presented in this paper.
First, our model is based on the assumption that the coropléithe of each task is exponentially distributed.
It would be of interest to examine other probability distiions, develop near-optimal heuristics for the
suppliers’ time-varying work rates, and conduct simulatexperiments to examine the robustness of the
results presented in this paper. Second, we have assuntetthéhaperating costs of all suppliers are
identical. This assumption is critical to establish thestatice of symmetric equilibria and to establish the
analytical results presented in this paper. One potenitaté research direction is to examine the case of
non-identical suppliers and to numerically investigate tbbustness of the results presented in this paper.
Third, our model assumes that all parties are risk-neutralould be of interest to examine the behavior and
the performance metrics when the suppliers are risk-avéserth, our model is based on the assumption
that the manufacturer has perfect information about th@lgs cost structure including the value kf

In reality, the manufacturer will not possess perfect infation. Because imperfect information can create
another technical challenge for the manufacturer to deaigmeffective project contract, it would be of
interest to explore the use of mechanism design theory telog\effective project contracts. Fifth, when
the information regarding each supplier’s cost structsiivate, it would be of interest for the manufacturer

to consider using auction mechanisms instead of incentwracts. Sixth, even though supply contracts
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have been well studied, the issue of channel coordinatidherrontext of project management contracts is
not well-understood. This is another potential future aesle topic.
Appendix

The parameter-free functions introduced at the end of @e&il are given below.

Bn(r,...,n) = /Om e! _|j(1— e "t)dt
2

ri
I’i—l—l

M) = pB(r)—

2
ri

_I’i—i-l
n

ﬁP(p;rlv'"vrn) = pén(rlw"?rn)

An(pia) = nqﬁn(rl,...,rn)—p;ﬁ(ri)

Ao(pa) = n(d—p)Bn(re,....M)-
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Figure 1: The participation thresholgg andg, whena = k= 1.

Figure 2: Regime$l, D, andDI for 2 < n < 15 and 0< q < 35 whena = k= 1. The shaded area is where
DI regime dominates while the unshaded area is wNaegime dominates. Reginieis always dominated

by regimeN.
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Online Supplement of “Project Management Contracts with Ddéayed Payments: Proofs”
Proof of Lemma 1: The first statement follows immediately from the fact that= max{Xy,---, Xy} is
stochastically larger thaK;, while the other statements follow from basic calculus. te3teent 4 results
from the transformation of variable of havirg™ = x so thatBn(ry,---,rn) = & - o X /" (1 - x)"dx=
g.B(¥,n+1) = ﬂ’j‘zljrjﬁ, where B_,.) is the Beta function (Chap. 6 of Abramowitz and Stegun, 1965)
Notice that the last equality follows from 3.312 of Gradghtand Ryzhik (2007). |
Proof of Proposition 1: Combining statement 2 of Lemma 1 along with the fact th#% is concave in
ri, itis easy to check from (3.1) thEtiN(p; ri) is concave irrj. By considering the first-order condition, we
obtainrN(p). Substituter™(p) into NMN(p;r;), we obtain (3.10) after some algebra. |
Proof of Lemma 2: First, observe from (3.10) and (3.9) that supplisrexpected profit‘li'\'(p) > 0 if and
only if p> 0. This observation suggests that the supplier participatbnstraint (3.2) holds if and only if
p>0.

Next, to establish the conditions under which the manufactparticipation constraint (3.6) does not
hold, let us first rewrite (3.9) ap = (ak)[(r/a + 1)2 — 1]. By applying statement 4 of Lemma 1, it is easy
to check that the manufacturer’s expected pidfi{q, p) given in (3.5) can be re-expressed as a function of
r as follows:

ro.r

a_ o
MN(q, p) = ng- ?B(?,n+1) — n(ak)H—a[(a +1)2-1]. (5.1)

The conditionnN(q, p) < 0 can be equivalently expressed as

K [(E4+1)2-1
as i =""gE Y ©2)

By using the identity Bx,y) = rr(ézi(yg) and the asymptotic propertidgx) = x*~1/2e~%/2m(1+ O(x 1))

(Stirling’s formula) from 8.327 of Gradshteyn and Ryzhilo(@), we obtain

fu(r) = 2(ka)(2)"? [1+0(r)]

1
r(n+1)
in the smallf limit and

fu(r) = ka()?[1+0(r )

in the larger limit. If n=2, lim,_o fn(r) = ka and lim_. fn(r) = oo; if n > 2, fy(r) — o in both
limits r — 0 andr — . Thus, fy(+) achieves a minimum somewhere(ih ), so there exists a threshold

O = Mine~o fn(r) > 0 such thaf1}(q) = 0 unlessy > g,. Hence, we can conclude that the manufacturer
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participation constraint (3.6) does not holdjik ¢,. By observing (5.2) thafy(r) is increasing im, it is
easy to check that, is also increasing in.

Next, the largea asymptotic properties diy(-) can be obtained from the asymptotic propertie§ ©j.
The asymptotic form ofy(-) is

ror no/t

fn(r) = kO(H_—a[(aJrl)z—l]m(

r

1+0(n1).

The minimum value offy(-) can be obtained from the first-order conditidfy(r)/dr = 0, which yields

r = 3alnn+O(1). After substitutingr into (5.2), we obtain

. ka
min fn(r) = Z(

Inn)2+0O(Inn). A

Proof of Corollary 1: By noting thatT = max{Xy,---,X,} is stochastically increasing imfor any non-
negative random variable$;, Xo,---, we can conclude tha (TN(p)) under regimeN is increasing im.
Next, whenX; is exponentially distributed with ratd' (p) fori = 1,---,n, the distribution ofTN(p) is equal
to (1—e " (P, Hence E(TN(p)) = [td((1—e (PN = nr [t e (. (1— e (PHN—1gt. With
some algebra and from the integral formula 4.253 of Gragsha@d Ryzhik (2007), we obtain (3.11). By
noting thatrN (p) is increasing inp, (3.11) implies thaE (TN (p)) is decreasing irp. [

kr2

nta IS concave In

Proof of Lemma 3: First, by applying statement 2 in Lemma 1 along with the fhat +
ri, itis easy to check thdlP (p;ry,---,rn) given in (3.3) is concave in. Second, by using the submodularity
of the discount factof,(.) as established in statement 3 of Lemma 1, we can conclud¢hthaptimalr;’

is increasing irr;j for j #i. |
Proof of Proposition 2: We use contradiction to establish the existence of only sgtrimmNash equilibria.
Suppose an asymmetric equilibrium= (ry,---,r,) exists that has; = x andr; =y for somei # j, where

y > x. By symmetry among all suppliers, there is another asymenequilibrium that has’ = (r}',---,ryy)
with r¥ =y and r‘j’" = x, and all other work rates remain the same as iklowever, as we increasefrom
xtoy, Lemma 3 proves that the best response for supplisrto increase her ratg fromy to a higher
valuez > y. This contradicts the assumption thats a Nash equilibrium witm" =y andr‘j’V = X because it
implies that suppliefj’'s best response is to reduce her rate fiotm x wheni increases her rate frorto y.
Therefore, asymmetric equilibria do not exist.

We now establish the existence of a symmetric equilibriurd determine its value. To do so, dif-

ferentiate the supplier's expected discounted pidfi{p;ry,---,ry) given in (3.3) with respect to;. By
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considering the first-order condition and by considerirgdhse when; = --- =r, =, it is easy to check

the first-order condition can be simplified as:

© Crtane 2kar 4 kr?
o [ ter @t e Igt - T O — 5.3
pat [ (1-e™) T (5:3)
By change of variablegy te~(@*{(1—e ™) 1dt = —ﬁ Jdinx(1—xa7 )" Idxand using the formula

4.253 of Gradshteyn and Ryzhik (2007), we obtain (3.12).

Now we determine the optimal rat€(n; p) for the suppliers. To begin, let us rewrite (3.12) as:

(2kar +kr?)

_ (a+4r)?
e ' 54
p=fo(r) CB(CH ) [W(EE 4 n) — p(TE)] oY

Using the identity Bx,y) = rr(zgig) and the asymptotic properti€$x) = x*/2e~%/2m(1+ O(x1)) (Stir-

ling’s formula) from 8.327 of Gradshteyn and Ryzhik (200@jl&(x) = Inx— (2x)~* + O(x~2) from 6.3.18

of Abramowitz and Stegun (1965), we obtain

folr) = 2(ka) (;)"?

in the smallf limit and

folr) = k() gy g L+ O ) (55)
in the larger limit. If n= 2, fp(0) = ka and lim ., fp(r) = oo; if N> 2, fp(r) — o in both limitsr — 0
andr — co. Moreover, from (5.4)fp(+) is not identically infinite, sdp(r) < o for some values aof. Thus,
fo(+) achieves a minimum positive value at some . Hence, a positive solution fo— fp(r) = 0 exists
if pis sufficiently large. In particular, fan > 2, p= fp(r) for sufficiently largep has at least two solutions
(at least two Nash equilibria). We simply choose the Naslhiliegum with the largest work rate and call it
rP(n; p).

The functionp— fp(r) has three properties. First, it is locally decreasingatr = r®(n; p) because we
choserP(n; p) to be the largest root gb— fp(r) = 0 wherefp(-) achieves a global minimum somewhere
in (0,00) and fp(r) — oo in the limitr — c. Secondp— fp(r) obviously increases ip. Finally, it can be
shown from (5.4) thafp (r) increases im. It follows thatrP(n; p) decreases in and increases ip.

Finally, by substituting; = r°(p) fori = 1,---,ninto (3.3), by differentiating the resulting profit func-
tion with respect ta, and then by applying the fact thef (n; p) is decreasing im, we can conclude that

the supplier's expected discounted pr&fft (n; p) is also decreasing in. |

32



Proof of Corollary 2: We prove that there is a unique positive rooh@f) = 4x3 4 120x2 + 90X — 3—Eax+
203 — 2Pa? = 0 whenp > ka}, and it is given in (3.14). First, we can verify thét defined in (3.14) and
(3.15) satisfies(rP) = 0 by substituting™® in the functionh(-). Second, ap = ka, we havep= 3m/4 and
cog@/3) = 1/v/2 so thatrP (ka) = 0; it is straightforward to show thaP (p) is increasing inp by directly
calculatingdrP(p)/dp, and hencer® > 0 if and only if p > ka. It remains to show that® is the only
positive root ofh(x) = 0 whenp > ka and that there are no positive roots whes ka.
The larger root of the quadratic equatigiix) = 12x? + 24ax+9a2 — 3(p)a/k=0isX=a[ /1 + (p)/(ak) —

2]/2 which is greater than-a. Also fromh”(x) = 24(x+a) > 0 for x > —a, we find thath(-) is strictly

decreasing in the intervél-a, X) and strictly increasing ifiX, «). We also note that
h(—a) = a®+ pa?/k > 0, and

h(X) = —(p-+ka)a?(/1+ p/ka —1)/k < 0.
Hence, from the continuity df(-) and the limitsh(—c) = —c0 andh(w) = o, there is exactly one root of
h(x) = 0 in each of the intervalé—c, —a), (—a,X), and (X, ).
If p<ka, thenk < a(v/2—2)/2 < 0 andh(0) = 2a3—2Pa? > 0 so there is no positive root oifx) = 0.
If p> ka, thenh(0) < 0 andh(—a) > 0 so there is exactly one root each in the interyale, —a), (—a,0)
and(0,). Thus, there is exactly one positive root if and onlyif- ka.

The optimal work rate can written a8 (p) = af (J) where
f(x) = v/1+ xcog(m— arctany/x) /3] — 1.

The functionf (x) is strictly increasing and unboundeddinThus,rP(p) is strictly increasing and unbounded
in p. Moreoverxf(x~1) is unimodal inx, sor®(p) is unimodal ina. |
Proof of Lemma 4: Observe from the proof of Proposition 2 and the definitiorfif) in (5.4) that there
exists a thresholg, > 0 such that mip.o fp(r) = pn. Thus, a positive solutionto (3.12) exists if and only
if p> pn- (If p< pn, then the only Nash equilibrium for the contractors is 0.) This implies that the
work rate in equilibriumr®(n; p) > 0 if and only if p > p,. We can prove that the supplier participation
constraint (3.4) holds whep > p, by showing that®(n; p) > 0 if and only if 1P (p;ry,---,ri,---,rq) >0
whenr; =rP(n;p) for j =1,---,n. First, if NP (p;ry,---,ri,---,rn) > 0whenrj =rP(n;p) for j=1,---,n,
thenrP(n; p) must be positive becauseP(p;ry,---,ri,---,r,) = 0, otherwise. Next, itP(n;p) > 0, we

now provenP(p;rq,---,ri,---,rn) > 0 by contradiction. Suppose not. ThEW(p;ry,---,ri,--,ry) < 0.
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(@ NP(p;ry,---,ri,--,rn) cannot be strictly negative when=rP(n; p) for j = 1,---,n. This is because if
MP(p;re, -, ri,---,r) < Owhenr; = rP(n;p) for j=1,---,n, supplieri can set her work rate to 0 and earns
a higher profit 0, which contradicts theit(n; p) is the work rate in equilibrium. ()P (p;ry,---,ri,---,ry)
cannot be zero when, = rP(n;p) for j =1,---,n. This is because iNP(p;ry,---,ri,---,ry) = 0 when
ri =rP(n;p) for j =1,---,n, the functionP(p;ry,---,ri,---,rn) whenr; = rP(n; p) for j #i cannot be
a strictly concave function im; because this function also equals zero whes 0. Knowing the fact
that—r:% is concave, this contradicts statement 2 of Lemma 1. Heneehave shown that the supplier
participation constraint (3.4) holds when> py.

Similarly, observe that a positive solutionto (3.12) exists if and only ip > p,. Hence, in view of
condition for the supplier participation, the manufactisreptimal expected profil2(q) > 0 if and only if
g > pn. Observe from (5.4) thafy (+) is increasing im, and hencepy, is also increasing in.

Next, the largen asymptotic properties di(-) and fy (+) can be obtained from the asymptotic properties
of I'(-) andy(+). The asymptotic form ofp(-) is

2kar + kr2)r2nt+o/r
fo(r) = ( )

~a(a+r)2r(2+1)in n(1+O(n‘1)).

The minimum value ofp(-) can be obtained from the first-order condititfy (r) /dr = 0. For largen, keep-
ing the leading-order terms of inp we find thatr = alnn+ O(1) minimizes fp(-) and that mip.o fp(r) =
kan(Inn+O(1)). |
Proof of Lemma 5: Consider the case when= 2. For any paig; < gy, let p; = pN(qu) andpz = pN(a)

so that

N(pz,a) = 20BN (pe),rN(p1)) — 2paB(rN(py))

< 202B(r"(pe). 1™ (P1)) — 2paB(r (pa)) < Min(P2, ).
Hence, NMN(q) is non-decreasing i Moreover, ifrN(py) > 0, thenB(rN(p1) > 0, soM\(ps, 1) <
MN(p2,02). Therefore,MN(q) is strictly increasing irg for g >z Next, letgy = xop + (1 — X)ge where
x € (0,1) and definep, = pN(ax). Then
M) = 20BN (po), ™ (px)) — 2pxB(rN (px)
= x2aaB(r™ (P, ™ (Px)) — 2PxB(r (px))]
+(1=x)[202B(r™ (), ™™ (Px)) = 2pB(r™ (p)]

X(ae) + (1= x)M(a2)

IN
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These arguments apply to prove the}(q) is convex and non-decreasinggand that it is strictly increasing
g for g > ak. For generah > 2, we can use the same approach to obtain the results. |
Proof of Proposition 3: The first two statements follow immediately from the pap#tion conditions under
regimeN and regimeD as stated in Lemmas 2 and 4. |
Proof of Proposition 4: First, we show that in the regime D there is a Nash equilibriarwhich r®(p)

grows inp without bound: from (5.5), the first-order condition (3.3y28Ids

(i p) = oy /(= in+ ) - w2+ oY)

for large p. Moreover, it can be shown that this is the Nash equilibriuhicly yields the highest profits for

the manufacturers for large From B(¢,n+1)(2) = 1— 2[g(n+ 1) — Y(1)] + O(r~2) for larger,

3@ P) = nd—n9- (505 W(n+1) — YD) - np+ O().

Differentiating the above with respect poand imposing the first-order condition, we obtain

Pma) = (37 akn(n+ 1) - wL]L+0()

_ 2
RN (TR D

)3(1+0(1/rP)).

Finally,

Ma(a) =na— 3”(%)2/3(0*)1/3{”@(“ +1) WD)} +0(g"®).

Similarly, we studyf1N in (5.1) in the large- limit:

MN(@. P) = ng—na- () [W(n+1) — (1)) - nak(-)?+O(r) .

The first-order condition with respect tojields

r _ {qaz[w(n";li-)_w(l)]}lﬁ(l_’_o(l/rN))’

kb 1) - gy
@ = = J23(1+0(1/m™))

M@ = na-—3n(3)%*(@kM W+ 1) - YD)+ O(?).

Noticing thatW(n+ 1) — (1) = Sp_, k- < nfor all positive integers, we can prove the statements of the
Proposition through direct comparisons. |
Proof of Proposition 7: The proof follows exactly the same approach as in the pro&froposition 6. We

omit the details. [ |
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Proof of Lemma 6: The proof follows immediately from the supplier's and themagacturer’s participation
constraints. |
Proof of Proposition 8: Whenq is sufficiently small, we obtain the first statement immesliatrom the
manufacturer participation conditions as stated in Lem2naisd 6.
Whenq is sufficiently large, the manufacturer and the suppliertiggpate in the project under regimes

DI andN. Let us consider reglmé)l We first claim that\() = a/(j \/7+O , SV =p+ O(v/P),

RU) = p+0(/p), andS¥) — R = m(j)y/pak+ O(1) for sufficiently largep where¢(j) andm(j) are
positive functions of the stage indgsuch that(j) < 2’J+11 <landm(j)<1lforj>2and/(1l)=m(1)=1

. We prove this claim via the mathematical induction.

FromA® =a, /& +0O(1), we obtainR® = p— A<1§)/a — kAW +0(1) = p—2y/pak+0O(1) andSY =
p— Ml/ +0(1) = p— /pak+O(1) so thatSV — RV = /pak+ O(1).
Suppose that the claim is true for all stage indices up+td.. From (4.3),
A0 — (j—1>m<1—1>¢pak+m‘—1>m<j—1>¢pak]2+4<21—1>kap+o(l)
2(2j —1)k
_ 21 61_3 _ 2
< /—pak(l 1++i%+6j fpakj \/ +61+9+O(1)
2(2j — 1)k —1)k
H—l
k2j—
R — R(J’1)_k)\(i)/j+(5<i1)_R(J'l))/j_R(il).(%)+o(1)
_ m(j-1) 1
= p++/pok[— ——]+0(1),
)
and
, in(d . .
Do MY Sy _ginq 1
s _j)\(i)+0(5< =si-Y1 J_Mj)+0(p ).
Hence,
. , : : ()
)R — (S<11)—R(Jl))(l—%)+k)\T+O(l)

= 4 /qu(l—%+@)+0(l) </ pak+0(1)

Thus, the claim is proved for ajl

Next, we study12! (g, p) for largeq. Assume thap is also large. Then
oA n

a _
Nm(@p) = n(a- p)ﬂm n(a—p)[L Jle)\—+0(|o M)
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a

——=+0(p )] —np+O(/P).- (5.6)

= NnNg—n -
q-nq| A0

M s

J

Then the first-order condition for the optimgals given by
d X «a
This is consistent with the assumption that the optimgtows unboundedly aggrows. Now we compare

(5.6) toMN(g, p) in the largep limit:

a 1

My(a,p) = ng—ng-( )) —np+0O(/P)

whered(n+1) — (1) =37, j—. BecauseN(p) = a\/ng O(1) > AU) where the inequality is strict for
j > 2, we havd1N(q, p) > MY (g, p) for large p and for anyn > 2. Thus, for largey in which casep is also
large,Miy(a) > NYR'(q). u
Proof of Proposition 9: Observe from Lemma 2 that, increases im without bound. Hence, for any fixed
value ofg, N2 (q) > NN(q) = 0 whenn is sufficiently large. Similarly, from Lemma 4y, increases im
without bound. BecausBP2(q) = 0 for g < py, for any fixed value ofy, NE!(q) > NM2(g) = 0 whenn is

sufficiently large. |
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