by Michael J. Brennan and Eduardo S. Schwartz

Bond Pricing and Market
Eficiency

The discount, or present value, function gives the present value of one dollar
receivable in x periods as a function of the prevailing yield curve. Once the dis-
count function is known, it can be used to value any default-free, straight bond
with a predetermined coupon and maturity date.

If we assume that the yield curve is determined solely by its end-points (the
short rate and the long, or consol, rate) and that the bond market is in equilibrium,
so that there is no possibility of earning arbitrage profits, then the shape of the dis-
count function will depend upon expectations about future values of the short and
long interest rates and upon investor attitudes toward risk.

Expectations about interest rates were estimated using December 1958 to
December 1979 interest rate and bond price data. Based on these data, the market
price of risk was estimated by finding the value that yielded the best discount
function—i.e., the one yielding bond prices closest to observed prices. Prices for
the entire period were predicted on the basis of data estimated over the whole period;
prices for the second half of the period were predicted on the basis of data estimated
over the first half. The price prediction errors were then tested as predictors of subse-
quent bond returns. The results revealed a highly significant relation between the
valuation error and the rate of return over the next (monthly or quarterly) time
interval.

Apart from its ability to detect over and underpriced bonds, the model may
be used in bond portfolio management to predict bond prices under alternative in-
terest rate scenarios. It may also be applied to special features such as call provi-
sions and to traded options on fixed-income securities.

HIS ARTICLE reports the results of apply-

I ing an equilibrium model to the pricing of

U.S. government bonds for the period
1958 to 1979, using data drawn from the CRSP
Government Bond File. Comparing the model
pricing errors with subsequent bond returns
allows us to evaluate the ability of the model to
detect underpriced and overpriced bonds. The
data reveal a strong relation between price predic-
tion errors and subsequent bond returns.

As well as extending our knowledge of the
bond pricing process, the model permits us to ad-
just raw yields to maturity for coupon effects and
to value bonds with call and retraction options,

as well as traded options on bonds and Treasury
bills. The model also provides the basis for assess-
ing the risk of bond portfolios and for devising
appropriate immunization strategies.’

1. Footnotes appear at end of article.

Michael Brennan is Albert E. Hall Professor of Finance at
the Faculty of Commerce and Business Administration, The
University of British Columbia, and Editor of the Journal
of Finance. Eduardo Schwartz is Associate Professor of
Finance at the Faculty of Commerce and Business Ad-
ministration of the University of British Columbia.

This article was a joint first-prize winner in the Institute
for Quantitative Research in Finance 1982 Competition.
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Given the yield curve assumption and the
assumption of equilibrium, the shape of the dis-
count function will depend upon expectations
about future values of the interest rates r and ¢
and upon investor attitudes towards risk. The
model is thus consistent with traditional liquidi-
ty premium theories of the term structure in
which the yield curve depends upon expectations
about future interest rates and upon a liquidity
premium that reflects attitudes towards risk.

Changes in Interest Rates

Expectations about future values of r and ¢ are
represented in this model by the parameters of
the probabilistic or stochastic process, which is
assumed to generate future values of r and ¢,
namely:

Ar = [a; + by - 1)] + 1S,AZ, , (1)
Al = f{a, + bor + cf) + 1S,AZ, | 2

where Ar and Af are the changes in the two in-
terest rates. The unpredictable parts of the
changes are represented by the terms involving
AZr and AZ, which are normally distributed
random variables with mean zero and variance
of one; the correlation between them is denoted
by p Since these terms are multiplied by r and
¢, this formulation implies that the standard
deviations of the changes in the interest rates are
proportional to the current levels of the rates.

The first term in each of these two equations
represents the trend or deterministic part of the
change in the interest rate. We anticipate that b,
will exceed zero, so that when the long rate is
(much) above the short rate, the short rate will
be tending to rise. The trend part of the change
in the long rate is derived by noting that the ex-
pected change in the long rate determines the ex-
pected rate of return on a consol bond, and that
_this should be related to the current levels of r
and ?.

It is convenient to write Equations (1) and (2)
in shorthand fashion as:

Ar = pu, + 0, AZ, ,
Al

1)
2)

It is clear from the foregoing that there are two
fundamental sources of uncertainty in the
model—namely, the interest rates r and ¢. Unan-
ticipated changes in these two interest rates, or
state variables, cause unanticipated changes in

bond prices or returns. This is represented by
writing the rate of return on a particular bond,

It

pe + 0AZ,

j (=1, ..., n), as:

R = E[R] + BAr + glae 3)

where 8 and Bf measure the sensitivity of the
bond’s return to changes in r and ¢, respective-
ly, and Ar’ and A?" represent the unanticipated
changes in the two interest rates.

The Equilibrium Condition

Consider a one-dollar portfolio formed by in-
vesting amounts X;, X; and X; in bonds 1, 2 and
3 and investing the remaining $(1 - X; - X; -
Xs) in the riskless, immediately maturing bond
whose return is r. The return on this portfolio is:

ﬁp =1+ XiRi~-1) + Xo(R,~1) + X3(Rs -1).(4)

Using Equation (3), the return on the portfolio
can be expressed as:

Ry = r + XJER)-1] + X,[E®Ry)-1]
+ X[ER;)—r]
+ (0GB + XaBS + XoBDAr
+ 0GB + X.B + XoBHAL )

It is clear from Equation (5) that the portfolio
proportions X,, X; and X; may be chosen so that
the coefficients of Ar’ and A¢” are zero. The port-
folio return is then riskless. The assumption of
equilibrium then implies that the return on the
portfolio equals r. Therefore, from Equation (5)
it must be the case that if X;, X; and X; are chosen
to make the coefficients of Ar and Af equal to
zero, X;, X; and X; must satisfy:

X(E®R)-r] + X[ER,)-r1]
+ X[E(R3)-1] = 0 . (6)

Equation (6) will be satisfied only if there is a
relation between the bond risk premiums
{E(Rj)—r] and the bond return sensitivities, B
and Bf. This relation is the equilibrium
condition:

E[R)-1 = M8} + N8, )

where \; and X, are the same for all bonds and
represent the market prices of short and long-
term interest rate risk, respectively. The equi-
librium condition may be expressed in words as:

Risk Premium = (\, X Sensitivity to r)
+ (\; x Sensitivity to f) .

The condition is similar to the Capital Asset Pric-
ing Model in that the risk premium is propor-
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pend on the particular values assumed for the
stochastic process parameters. This explains the
radically different estimate of \; reported in Table
III using stochastic process parameter estimates
derived from the first half of the sample period,
rather than the whole period. It is to be expected
that errors in the stochastic process parameter
estimates and \; will to some extent cancel out:
whether this self-canceling of errors is sufficient
to make the model usable outside the period over
which it was estimated will be seen below.

Model Performance

We evaluated the performance of the model us-
ing both within-sample parameter estimates and
out-of-sample estimates. For the within-sample
estimates, data for the whole period December
1958 to December 1979 were used in estimating
both the parameters of the stochastic process and
A1 The out-of-sample estimates were obtained us-
ing data from the first half of the sample period—
December 1958 to June 1969—and then evaluating
the ability of the resulting model to predict bond
prices over the second half of the sample period.

Table IV reports the price and yield prediction
errors using within-sample parameter estimates
for the whole period December 1958 to December
1979. The first line of the table presents the results
of the predictions for each month of the sample
period for all bonds with maturities up to 20 years
(except flower bonds). The balance of the table
shows the results obtained for predictions in
December of each year. The root mean square er-
ror (RMSE) is a statistic that provides a measure
of the average absolute error (unlike the mean er-
ror, which allows positive and negative errors to
be offsetting). The root mean square price predic-
tion error for the whole period was $1.58 per $100
of par value. The corresponding root mean
square yield prediction error was 0.59 per cent.
Too much attention should not be given to the
yield predictions both because the model
parameters were selected to minimize price
prediction errors and because a small price
prediction error may translate into a large yield
error for short maturities.

The results in Table V are comparable to those
in Table IV, except that they relate to the last half
of the sample period; here the predictions are
based on parameter estimates from the first half
of the sample period, hence are true out-of-
sample predictions. As one would expect, the
out-of-sample prediction errors are somewhat
greater—roughly twice as great as those of the

Table III Estimates of A,
(standard errors in parentheses)

Bond Price Stochastic Process
Prediction Estimation Estimate of
Period Period A

December 1958 to December 1958 to —0.450
December 1979 December 1979 (0.028)
December 1958 to December 1958 to -1.185
June 1969 June 1969 (0.019)
July 1969 to December 1958 to -0.283
December 1979 December 1979 (0.031)

within-sample predictions. It should be noted
that we are using parameter estimates from one
decade to predict over the following decade; this
is a severe test, and no doubt the out-of-sample
predictions could be improved by updating the
parameter estimates.

Pricing Errors and Bond Returns

The price prediction errors may be due entire-
ly to the deficiencies of the valuation model. On
the other hand, they may be due to market inef-
ficiencies, which would imply the existence of
profit opportunities, or even to deficiencies in the
price quotations, which would imply apparent
profit opportunities. To discriminate between
these alternatives, we treated the pricing errors
as manifestations of market inefficiency and
tested whether they were related in any
systematic fashion to subsequent bond returns.

The issue of market efficiency is a controver-
sial one, and we do not wish to be dogmatic
about the implications of our findings. Within the
context of our equilibrium model, however, our
tindings do imply market inefficiency. This is not
to say that there do not exist other valuation
models that would account for this anomaly, or
even that the phenomenon is not due entirely to
the quality of the price quotations.

The rate of return on a bond j was shown above
to be given by the expression:

R = E[R] + BfAr + BIAl" 3)
where
Ar’ = Ar — E[Ar],

Al” = Al — E[Al'] .
Combining this with the equilibrium condition
results in:

EIR] - r = M8[ + N8 )
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Table VI Bond Returns and Price Prediction Errors Using Valuation Model Estimated over December 1958 to December 1979
(all taxable bonds with maturities less than 20 years; t-ratios in parentheses)

Holding Period = One Month

Holding Period = Three Months

Intercept A o COUP;  MAT; Ej, Intercept B 8 coupy MAT, E;,
(x 107 (x 107 (x 10 (x 107 (x 107 (x 107)
December  0.485  -0.0233 0.0201 0.814 -0.0585 0.0638
1958 to (2.53) (-0.56) (1.11) (1.09) (-0.44) (1.18)
December -1.22 -0.114 0.0352 0.136 -1.44 -0.139 0.0675 0.274
1979 (-3.72) (-2.41) (1.60) (7.88) (-1.79) (-1.08) (1.16) (7.74)
-0.817 -0.145 -0.0448 -0.104 -0.0304 0.146 -0.933 -0.129 -0.0519 -0.0915 -0.0595 0.311
(-2.14) (-2.08) (-0.35) (-2.02) (-0.61) 9.98) (-1.02)- (-0.81) (-0.18) (-0.79) (-0.53) (8.93)
December  0.385 -0.0328 0.0197 0.147 -0.125 0.106
1958 to (1.99) (-0.51) (0.84) (0.20) (-0.67) (1.43)
June 1969 -0.0370 -0.0489  0.0536 0.0646 | -0.440 -0.150 0.184 0.146
(-0.14) (~0.74) (2.22) (3.69) (-0.62) (-0.86) (2.54) (3.75)
0.175 -0.140 -0.124 -0.18¢ -0.0812  0.105 0.453 -0.179 -0.0579 -0.322 -0.125 0.243
(0.68) (-1.14) (-0.54) (-3.11) (-0.95) (6.05) (0.64) (-0.70) (-0.11) (-239) (-0.63) (5.64)
July 0.586 -0.0136 0.0206 1.47 -0.0193  0.0626
1969 to (1.76) (-0.27) 0.73) (1.12) (-0.13) (0.78)
December -2.43 -0.180 0.0166 0.209 -2.11 -0.125 0.0117 0.386
1979 (~4.11) (~2.65) (0.45) (7.30) (-1.47) (-0.79) 0.12) (5.80)
-1.83 -0.150 0.0359 -0.0229  0.0211  0.188 -0.799 -0.108 0.00243 ~0.0931 0.0105 0.310
(-256) (-2.25)  (033) (-0.27) (0.42) (8.13) |(-041) (-0.69)  (0.01) (-0.42)  (0.10) (6.21)
Table VII Bond Returns and Price Prediction Errors Using Valuation Model Estimated over December 1958 to June 1969
(all taxable bonds with maturities less than 20 years; t-ratios in parentheses)
Holding Period = One Month Holding Period = Three Months
Intercept Bt ﬁ}} COUP,  MAT, Ejt Intercept Bt ﬁft Coup; MAT;, Ej;
(x 107 (x 1079 (x 107) (x 107 (x 1079 (x 107
December  0.441 —0.0346 0.0220 0.757  —~0.0958 0.0704
1958 to (1.97) (-0.67)  (1.04) 0.78) (-0.53)  (1.07)
December —2.40 -0.312 -0.0863 0.152 -3.51 -0.521 -0.145 0.283
1979 (-5.73) (-4.82) (-2.77) (8.25) | (=3.26) (-2.75) (-1.74) (7.81)
-1.95 -0.387 -0.320 -0.113 -0.767 0.173 —-2.83 -0.565 -0:600 -0.0619 -0.159 0.341
(-4.31)  (-5.11) (-2.40) (~2.17) (-170) (10.87) |(-2.52) (-2.89) (-1.80) (-0.53) (-149) (9.29)
December 0.385  —-0.0457 0.0218 -0.0453 -0.203 0.117
1958 to (1.69) (-0.56) 0.81) (-0.05) (~0.76) (1.32)
June 1969 -0.336  -0.157 0.0206 0.0657 -1.35 -0.440 0.119 0.146
(-0.98) (-1.69)  (0.72) (3.46) | (-131) (-1.62)  (1.31) (3.37)
-0.350 ~0.364 -0.363 -0.200 -0.128 0.122 -0.804 -0.657 -0.549 -0.286 -0.226 0.258
(-1.11) (=2.91) (~1.33) (-3.28) (-1.64)  (6.39) |(=0.90) (-2.16) (-0.95) (-2.11) (-1.24) (5.61)
July 0.499 -0.0234 0.0221 1.37 —-0.0387 0.0693
1969 to (1.28) (-0.37)  (0.68) ©0.82) (-0.19)  (0.73)
December -4.50 -0.469 -0.195 0.239 -5.45 -0.562 -0.368 0.436
1979 (=6.21) (=3.30) (-3.62) (8.04) | (-2.85) (-2.47) (-2.84) (6.39)
-3.58 -0.412 -0.277 -0.0234 0.0250 0.225 -3.19 0.462 0.450 -0.0977 -0.0453 0.361
(-4.30) (-4.80) (-2.32) (-0.28) (-056)  (9.07) |(~1.32) (-2.02) (-1.65) (-0.43) (-0.48) (6.81)

their variances.

In Table VI, the valuation error E was con-
structed from parameter estimates obtained us-
ing data from the whole sample period, and the
regressions, using Equation (12), were estimated

using data from the whole sample period for all
taxable bonds with maturities up to 20 years. To
control for possible misspecification of the valua-
tion model, we included the coupon rate
(COUP,) and maturity (MAT;) of the individual
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