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Gonzalo Cortazar » Eduardo S. Schwartz + Marcelo Salinas
Departamento Ingenieria Industrial y de Sistemas, Pontificia Untversidad Catolica de Chile
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he paper presents a model that determines when (at which output price level) it is optimum

for a firm to invest in environmental technologies and which are the main parameters that
affect this decision. Qur analysis shows that firms require high output price levels to be induced
to invest in environmental technologies, because they optimally would not want to commit to
a heavy irreversible investment that could turn out to be unprofitable in the event of a price fall.
A comparative static analysis predicts that firms in industries with high cutput price volatility
would be more reluctant to invest in environmental protection technologies and would be more
willing to operate at low output levels (thus attaining low emission levels). Increases in the
interest rate would also reduce optimal environmental investment levels.
(Real Options; Environmental Economics; Capital Budgeting; Natural Resources)

1. Introduction
In order to protect the environment, governments im-
pose regulations. These regulations may be enforced in
a command-control fashion, but there is a growing con-
sensus that market oriented policies are a more efficient
way to reduce contamination levels. Therefore, govern-
ments are increasingly setting pollution standards (or
imposing taxes depending on pollution levels) and let-
ting firms decide their investment and production pol-
icies as long as they abide by the regulations. In order
to succeed through these market mechanisms, it is im-
portant to understand capital investment evaluation
from a private perspective to define appropriate incen-
tives that induce a sound environmental behavior.
There is a multitude of envirenmental problems as-
sociated with production facilities, and even more
technologies that try to lessen their effects. Most tech-
nologies developed to reduce the environmental im-
pact of production facilities require significant in-
vestment levels by the firm, increasing the operating
costs and / or reducing the maximum production lev-
els. We treat these environmental investments as ir-
reversible investments under output price uncer-
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tainty. This approach is now becoming standard in
the finance literature.

The last decade has seen a growing application of fi-
nancial option theory to real-asset investments, giving
rise to what has been called the real options literature.
These studies consider a firm that makes some decisions
contingent on the particular realizations of one or more
relevant random variables. Examples of the analyzed
options include the opening and closing of a one-stage
firm (Brennan and Schwartz 1985) and of a two-stage
firm (Cortazar and Schwartz 1993), the timing of the
investment decision (McDonald and Siegel 1986), the
investment schedule (Majd and Pindyck 1987, Pindyck
1988), the selection of alternative technologies (He and
Pindyck 1989), the output levels under learning (Majd
and Pindyck 1989), among others. They all assume suf-
ficiently complete markets that allow hedging the un-
certainty (with or without an associated risk premium)
by investing in a portfolio of assets.

In this paper we are cancerned with the optimal en-
vironmental investment decision by a firm that is con-
fronted with an environmental regulation schedule
linking maximum production levels and operating costs
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to the level of environmental investment made. We will
consider a stochastic output price that induces a non-
trivial investment schedule for a firm that is maximizing
its economic value in the presence of this regulation.

The paper presents a model that determines when (at
which output price level} it is optimum for a firm to
invest in environmental technologies and which are the
main parameters that affect this decision. Qur analysis
shows that firms require significantly high output price
levels to be induced to invest in environmental tech-
nologies, because they optimally would not want to
commit to a heavy irreversible investment that could
turn out to be unprofitable in the event of a price fall.
A comparative static analysis predicts that firms in in-
dustries with high output price volatility would be
mere reluctant to invest in environmental protection
technologies and would be more willing to operate at
low output levels (thus attaining low emission levels).
Also increases in the interest rate would reduce optimal
environmental investment levels.

The analytical framework used in this paper is closely
related to the one in Cortazar and Schwartz (1993). Even
though both papers deal with optimal output levels,
Cortazar and Schwartz (1993) look at the optimal levels
of production in two different stages of a firm, whereas
this paper establishes one optimal level of production
and an optimal level of investment. In addition, the
problems addressed are quite different. Cortazar and
Schwartz (1993} model a firm as a two-stage process
with bounded output rates, in which the output of the
first stage can be held as an intermediate inventory
(work-in-process). The firm can then be thought of as a
compound option, in which the exercise of the option
to produce in the first stage gives the option to finish
the work-in-process and sell the output as its final pay-
off. The main focus of that paper is to explain how the
existence of intermediate inventories may arise as an
optimal investment strategy for exploiting possible fu-
ture price increases, and to analyze the effect of interest
rate changes on aggregate inventory levels. This paper
is mainly concerned with the factors that affect a firm’s
optimal investment in environmental technologies.

The paper is organized as follows. In §2 we present a
brief discussion on environmental regulations on cop-
per smelters. In §3 we describe a continuous time in-
vestment model that allows a firm, at each point in time,
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to determine its optimal output level and also its opti-
mal environmental investment schedule to expand (or
maintain in the presence of regulatory conditions} its
capacity. OQur model assumes continuous investment
decisions and therefore the optimal control variables are
the output rate and the investment rate that maximize
the value of the firm. This model does not have an an-
alytical solution, but can be solved numerically.

In §4 we assume that a smelter is currently operating
with a given capacity constraint set by regulation and
must decide when it would be optimal to expand its
capacity to a new level by making a fixed and discrete
environmental investment. We solve this problem ana-
Iytically and determine the critical price at which it
would be optimal for the smelter to expand capacity.
Finally in §5 we apply the discrete investment problem
to a real case and discuss its results.

2. Smelter Environmental

Regulations in Copper Production
In the following sections we provide a general frame-
work for analyzing investments induced by regulatory
requirements, which may affect the optimal operation
of a production facility. For concreteness, in this section
we describe the main environmental problems related
to mining and specifically to air pollution in copper
smelters. These problems are generating regulations de-
signed primarily to induce environmental investments
that reduce emissions per unit of production. However,
private firms may delay these investments, choosing in-
stead to reduce production levels or to pay penalties for
regulation viclations. This strategy may prove to be op-
timal from a private perspective and should be consid-
ered when setting environmental regulations designed
to induce environmental investments.

Figure 1 shows a simplified primary copper produc-
tien diagram. In order to obtain refined copper the ore
has to be extracted from mine pit and go through the
Mill, Smelter and Refinery. In each of these pracesses,
there are several environumental impacts on air quality,
surface and ground water quality, and the land. One of
the most important problems is sulfur dioxide emis-
sions coming from copper smelters which affects the
acid rain phenomena. By 1972, in Canada, the mining
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Figure 1 Environmental Impacts of Copper Production

Source: Qffice of Technolagy Assessment, Congress of United States.
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industry was responsible for around 53% of sulfur di-
oxide emissions (MacDonell 1989).

To curb these environmental impacts most countries
have been enacting environmental regulations. For ex-
ample, Canada has been setting a schedule of restric-
tions, the latest being the Canadian Sulfur Dioxide Con-
trol Strategy which was expected to lower mining sulfur
dioxide emission share to around 37% in 1994 (Federal /
Provincial Research and Monitoring Coordinating Com-
mittee 1990). In the United States, the Clean Air Act of
1970, 1977 and 1990 (General Accounting Office 1986)
has established stringent standards on emissions, spe-
clally on sulfur dioxide, and has been successful in low-
ering total emission levels. Other copper producing
countries have also enacted or are planning to impose
similar environmental regulations.

Even though there is consensus on the effectiveness
of these environmental regulations for lowering total
sulfur dioxide emissions, it is not so clear that these new
levels have been attained through socially optimal eco-
nomic decisions. While some of the emission lowering

MANAGEMENT SCIENCE/ Vol. 44, No. 8, August 1998

has been obtained after heavy investments with major
process changes, a significant proportion of the reduc-
tion is due to the reduction of production levels. For
example, between 1970 and 1984, 44% of emission re-
duction in the United States was due to environmental
investments while 56% was due to production reduc-
tion (General Accounting Office 1986).

On the other hand, smelters that achieved regulatory
compliance through environmental investments have
been affected by significant cost increases both in capital
expenditures and in operating costs. For example, the
average operating cost increase in 1987 for U.S. smelters
to satisfy environmental regulations amounted to US$
0.032 per pound of copper, or around 26% of the oper-
ating costs. Including capital costs, total environmental
costs could reach US$ 0.090 (Rothfeld and Towle 1989).
Thus, environmental regulations have had a profound
effect on operating policies of copper smelters as well
as of other mining operations.

We argue that it is likely that some of the production
reduction of US smelters may prove to be sacially

1061



CORTAZAR, SCHWARTZ AND SALINAS
Ewaluating Environmental Investmenis

nonoptimal and induced by the regulatory structure.
Thus, understanding private investment behavior in the
presence of environmental regulation may prove to be
helpful in designing regulatory structures that induce
socially optimal behavior.

We propose a real options approach to elicit optimal
environmental investment behavior. To illustrate, we
consider the case of a smelter that has been subject to
an emission regulation. The imposition of the emission
regulation effectively allows for one of two possible re-
actions: to invest in environmental technologies that
could permit for increases in maximum production lev-
els or, alternatively, not to invest and be restricted to
lower production levels. In the next section, we consider
a model that allows for continuous environmental in-
vestments (and therefore for continuous increases of
output levels). This model does not have an analytical
solution, but may be solved by resorting to numerical
methods. In §4, we solve for the discrete case in which
the smelter must decide when it would be optimal to
make the environmental investment in order to increase
the allowed production level. This model will show
how firms may optimally appear to underinvest if cop-
per prices are highly volatile.

3. The Continuous Environmental

Investment Schedule

In this section, we analyze how to determine the opti-
mal environmental investment schedule for a smelter
that can, at each point in time, make infinitesimal in-
vestments to lower emissions, thus being able to expand
its production capacity while still meeting environmen-
tal regulations. Our econamic setting is similar to the
one described by Brennan and Schwartz (1985), only
that in ours, the manager has two control variables
available for maximizing the smelter value: the output
rate and the environmental investment schedule. Thus,
we are able not only to value a given investment, but
also to determine and value the optimal sequence of
investments that should be undertaken.

We approach this problem using the continuocus
time framework of option pricing. In this framework
assets are priced consistent with the absence of arbi-
trage in the economy, i.e., if a portfolio of risky assets
has a return that is instantaneously riskless, the return
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on this portfolio must be the risk free rate of interest.
Prices are assumed to follow geometric Brownian mo-
tions, which essentially implies that the distribution
of futures prices is lognormal. Using It6 calculus to
compute the total differential of a function of sto-
chastic variables, the outcome of the analysis is a par-
tial differential equation for the value of the real or
financial aption. This approach is very closely related
to stochastic optimal control for Markov diffusion
processes using dynamic programming methaods (see
Fleming and Rishel 1975).

We start by setting our notation:

* §: spot unit price of smelter output’;

* X: spot unit price of smelter input (copper concen-
trate);

¢ [’: accumulated environmental investment capital,

¢ g: rate of production, the first control in the model
(constrained to be between 0 and a maximum amount
that depends on the accumulated capital, g™**(I*));

s i: rate of environmental investment, the second
cantrol in the model (constrained to be between 0 and
a technological maximum, i"**);

e A(g, I*): average unit cost of production? if rate of
production is g;

¢ ¢§: canvenience yield on holding one unit of fin-
ished good, where ¢ is assumed constant;

¢ {X: convenience yield on holding one unit of con-
centrate, where £ is assumed constant;

« ¢: risk free rate of return, assumed constant;

« & rate of accumulated environmental investment
capital depreciation;

¢ F(S, 7): futures price for delivery of one unit of the
commadity at time T where r = T — ¢;

e dI* = (i — 81*)dt, change in accumulated environ-
mental investment capital;

* H(S, X, I*; $): value of the firm under the operating
policy ¢; and

¢ ¢: operating policy which describes 4 and i for any
state variable (S, X, I) values.

! We will consider that the smelter facility also refines the copper. This
is a reasonable approximation given that the refining cost is very low
compared to the one at the smelter.

*This cost does not include the input cost of buying copper concen-
trate.
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Additions in accumulated environmental investment
increases the allowed maximum output rate for a given
environmental regulation. So, g™**(I*).

The valuation model considers that the spot prices 5,
for a unit of output, and X, for a unit of concentrate, are
determined competitively and follow Brownian mo-
tions. Let

ds

_S_ = }’.b]df + 01d21
d

YX = ,ngdt + Ugdz;;,

where u, and p; are the instantaneous trends; o, and o,
are the known instantaneous standard deviations; t rep-
resents callendar time; dz; and dz, are increments to
standard Gauss-Wiener processes with correlation p.

Another critical assumption is the existence of a suf-
ficiently complete market to allow the firm to hedge the
output price risk and concentrate price risk. For this
matter, we assume the existence of a market for futures
contracts on the output (copper). The futures price F(5,
7) is assumed to be a function of the spot price 5§ and
time to maturity 7 of the contract. Given that there is no
futures market for copper concentrate, to hedge concen-
trate price risk we must assume that the concentrate
price, X, is spanned by the set of existing traded assets
in the economy, and can, therefore, be replicated by a
dynamic portfolio with price ¥ and returns perfectly
correlated with those of X. So

4y

_'Y_ = ,'.Lydt + Gde;;.

Using Itd’s Lemma, we obtain:
dF = FedS — Fdt + 3Fs;S%odt. (1)

Assuming that the holder of a unit of output receives
a convenience yield (defined as a flow of services un-
available to the holder of a futures contract) equivalent
to ¢S, the instantaneous return on holding one unit of
output, while being short on (Fs) ™" futures contracts, is

dS + cSdt — (Fs)'dF
S f

which is riskless and should be equal to rdt. Using
Equation (1) and the above equality, we obtain

MANAGEMENT SCIENCE/ Vol. 44, No. §, August 1998

FesS%? + SFs(r — ¢) — F, = 0, )

subject to the boundary condition F(S, 0) = §.

The next step is to derive the partial differential equa-
tion that describes the value of the smelter. Let the value
of the smelter H, be represented by an unknown func-
tion of the unit prices of copper and concentrate, and
also of the accumulated environmental capital. Taking
the Ttd's differential of the firm value H(S, X, I), we
have

dH = HedS + HydX + Hpdl*
+ 1Hes(dS)? + YHyx(dX)? + HaydSdX.

The cash flows or dividends that accrue to the owner
of the firm, are (q(S — X — A(g, I')) — i)dt. Thus, the
return on a portfolio consisting in one long position on
the firm, a (Hs/ Fs) short position on the futures and a
(XHxoz/ Yay) short position on the Y, is

dH + (g(S — X — A(q, I)) — i)dt

Hg XHxoy
-~ —dF — | ——=]4Y,
FS ( Y(Ty )

which is nonstochastic and should be equal to

r(H _ (%)Y)dt.
YO'y

Rearranging the above equation,? we obtain the fol-
lowing differential equation that describes the value of
the firm as a function of the state variables, $, I, and X:

‘%H_gsszﬂr% + %H){xxzdi + ngXSpUICTz + (r‘. - 6Ia)H;ﬂ
+{(r—)SH; + (r —~ L)X Hy
+ (g8~ X - A@g ) ~ 1) — rH =0

The optimal operating policy and the value of the firm
under this optimal policy may be obtained by solving

max [3HssS%01 + $Hxx X6} + HsxXSpo102
4

+ (i — 8IHe + (r — 0)SHs + (r — (X Hy
+{g(S — X - A(g, I)) - i) - rH] =0,

See Appendix 1.
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subject to the following constraints on the controls:

g = 4" (3)
i = e, (4)

g =0, (5)
i=0Q. (6)

The first order optimality conditions fox this problem are
obtained by taking partial derivatives of the partial differ-
ential equation with respect to the two stochastic controls g
and i. The first of these conditions may be stated as

=0 ifg=0,
dA@ I} _

5= X = A1 - 4=

it 0 < g << g™,
=0 ifg=qg""

The first three terms in the expression in the left hand
side represent the marginal benefit (profit) of producing
one additional unit, which is given by the unit price of
the smelter output minus the sum of the unit price of
the smelter input and the average cost of production.
The fourth term represents the marginal cost of increas-
ing production by one unit when the level of production
is g, and is given by the marginal increase in unit costs
times the number of units produced. The expression
states the Kuhn-Tucker conditions for a maximum: for
an interior solution the left hand side will be equal to
zero, for a maximum at the lower constraint (g = 0) it
will be negative and, for a maximum at the upper con-
straint (g = g™*) it will be positive.
The second optimality condition may be stated as

=0 ifi=0q,

H;a_]. =0 1f0<£<!mx,

=0 ifi={"*

The first expression in the left hand side represents the
marginal benefit (increase in the value of the firm) of
Increasing environumental investment by one dollar and
the second term represents the marginal cost of doing
s0 (that is, one dollar). The expression states the Kuhn-
Tucker conditions for a maximum with a lower (i = 0)
and an upper (i = {™*) constraint.

This model in its general formulation does not have
an analytical solution, but can be solved by resorting to
numerical methods. In the next section we impose some
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additional assumptions that allows us to obtain analyt-
ical solutions.

4. The Discrete Environmental

Investment Schedule

In this section we assume that existing technological,
economical or regulatory considerations effectively re-
strict production capacity of a smeltex to be one of two
values: g™ or g™, with g™ = ™2, The maximum
output level that satisfies environmental regulations
with current technology is 4™, (with unit cost of pro-
duction A"). The smelter is considering when it would
be optimal to expand to a capacity of ¢™** (with unit
cost of production A%) by investing an additional I* in
more environmentally efficient processes. In order to
obtain analytical solutions to our discrete environmen-
tal investment problem we make the additional as-
sumption that the concentrate price is a fraction (1 — \)
of the copper price, or X = (1 — \)$, thus there is only
one source of price uncertainty in the model. In Appen-
dix 2 we present an alternative model which does not
require perfect correlation between S and X, but re-
stricts the functional form of A and [*.

Given that we have constant returns to scale, the op-
timal control solution is bang-bang, which means that
the smelter produces either zero or at maximum capac-
ity. We define:

e W'(8): value of the firm when it is optimal to be
closed (g = Q) and the smelter has capacity 4™*;

* W%(5): value of the firm when it is optimal to be
closed (g = 0) and the smelter has capacity ™%

¢ V}(8): value of the firm when it is optimal to be
open and the smelter has capacity g™*;

¢ V*(8): value of the firm when it is optimal to be
open and the smelter has capacity 47,

Using a procedure similar to the one described in the
past section it can be shown that the value of the smelter
under these conditions must satisfy the following sys-
tem of differential equations:

WS + (r — ¢)SWE — rW! =0,
WS + ™A — AY) + (r — c)SVL — #V1 = 0,
W28%02 + (r — )SWE — rIW? =0,
13,8%7 + g™0S — A%) + (r — SVE — rV2 =0,

subject to the following boundary conditions:
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W) = o, (7)
wi(sh = V'(8h), (8)
WE(S]) = VI(ST), (9)

Vi(§y) if 53 > S,

V) I {WI(si) st <s O
Vst - {V;(s;) if 83 > 1, an
WL(S3) if 83 < S},

V3(83) = W(S3), (12)
V3(83) = Wi(S53), (13)
w2(0) = q, (14)
A1 o, (15)
s S

with the following critical output prices:

¢ S7: Price over which the smelter is opened and un-
der which it is closed if capacity is g™*;

« S3: Price over which the smelter is expanded from
capacity 4™ to capacity ™%

« S3: Price over which the smelter is opened and un-
der which it is closed if capacity is 4.

Because there are no opening or closing costs in our
model, it is clear that §; = A'/\ and S3 = A%/ x. How-
aver, it is not trivial to determine S5 or the critical Pprice
at which it is optimal to invest I, which will allow for
an expansion of capacity by g™ — g™,

The general solution for the above system of differ-
ential equations are

W(S) = ¢;5% + 5%,

A Al
VI(S) — 635“‘ + £‘4Sd2 + qmaxl(_c_ _ _r_) ,

W2(S) = ¢56% + ¢g5%,
AS  AZ
VA(S) = 6,64 + ¢g8% + qmaﬂ(? - T) ,

with
dl = a + Xa,

d?_ =y T dy,

MANAGEMENT SCIENCE/ Vol. 44, No. 8, August 1998

1 (r—¢)
My

s 2r
¥y = a1+_1 B
a

Boundary condition (7) implies that ¢; = 0, boundary
condition (14) implies that ¢, = 0 and boundary condi-
tion (15) implies that ¢; = 0. The other six boundary
conditions can be used to solve for the six remaining
unknowns, namely ¢, ¢, ¢4, Cs, ¢ and §3. Solving the
system of equations we obtain

dh-1) &
maxl 41y d ¢ r
Ca =g AN ———— 7 |,

(dy — d)A™

-1 b
max2 42y d ¢ r
o5 = g AN ———— |

(d — d)A™

-1 _d4
&g = qu2A2?\dQ ____C_______:_

(d; — di)AT"

$3 can be computed by solving the following equa-
tion:
-1 4
" ossy®

(qmaxiﬂzl‘_dﬁ _ l,:],max‘l.-A11‘_"‘2]

_dl

1
— ; (qmax‘lAZ _ qmaxlA‘L) + ¢

*

AS% ) W1
maxd __  ,max e 1 .
- (4 q )(dl )

+

Finally,

hS;l_dl max. max
‘"d—lc—“(q P gmeh),

Al dy—d . - 1 1
¢ = €3 + C4(—) + qmaxlh.dlAl 4 (_ - "') .
A € ¥

d
Ca = (¢g — ¢4) f S§hh 4+
1

This completes the solution to our environmental in-
vestment problem.
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5. Discussion and Conclusions

To illustrate our solution, we use approximate figures
available for the environmental retrofit performed by
the Chino smelter in 1987 (Rothfeld and Towle 1989).
By investing $138 million, the smelter was able to in-
crease production by 70% while satisfying environmen-
tal regulations. Approximate parameter values are pro-
vided below*:

max1

g™*! = 220 million pounds per year,

maxd

gm#* = 374 million pounds per year,
A; = 0.148 dollars,
A; = 0.18 dollars,
J* = 138 million dollars,
v = 0.1 per year,
¢ = 0.04 per year,
a* = 0.08 per year,
A =033

Given these parameter values, we are interested in
determining at which price level it is optimal for the
smelter to expand its capacity from g™ = 220 to g™
= 374 million pounds, if the environmental investment
required to do so amounts to I* = 138 million dollars.
We will determine this critical price, over which it be-
comes optimal to make the environmental investment,
using four different approaches.

First, we use a simple Net Present Value approach
and determine the price over which it is profitable to
expand production. We define this critical price as
SNV I this cage:

qmaxl(ls_; _ ﬁ) — qu2(L$ _ é) _ Ia’
c r ¢ 2
which gives $3NVt = 0.382,

This approach implicitly assumes that there is no tim-
ing option and the smelter is forced to either expand
now or never. Notice also that prices are expected to

*Some of the parameter values are assumptions or industry averages.
In particular we computed h, or the fraction of the copper price that
can be considered as value added by the smelter operation as the rel-
ative cost of the smelter versus the other operations.
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increase on risk adjusted terms, since the interest rate is
much larger than the convenience yield. This is the rea-
son why, if forced to make a decision, the smelter ac-
cepts to expand now, even for current prices ($0.382)
which make the environmental investment clearly un-
profitable.

A second approach considers the timing option by
allowing the smelter to postpone environmental invest-
ment until the marginal cost of the environmental in-
vestment equals the marginal benefit. We define this
critical price as S3™"V2, In this case:

gmaHNST — Ay) = g™PE(NS) — Ay) — I,

which gives S§™V2 = 0.955,

This approach considers the option to postpone the
environmental investment under deterministic prices,
disregarding the additional timing option available if
prices are assumed stochastic. The critical price using
this approach is significantly higher than using the sim-
ple Net Present Value approach.

Both of these approaches assume that there is no clos-
ing option for the smelter and that it must continue to
operate even in the event of unprofitable copper prices.

A third, and more sophisticated approach (even
though still incorrect) would be to use the Brennan and
Schwartz (1985) option model approach to value the
smelter, as a function of the spot price, assuming ini-
tially a fixed capacity of 4™, and to recalculate this
value for a smelter with a fixed capacity of ¢™*2. Given
these two value functions, the solution to this problem
would be to determine the price level at which the dif-
ference of these two functions justifies investing . We
define this critical price as §39Ptom,

It can be shown that §3°P%* would be equal to $0.243
in this case. Using this approach amounts to recogniz-
ing that prices are volatile and that the smelter always
has the option to close down in the event that its oper-
ation becomes unprofitable, but disregards the timing
option of the environmental investment. Notice that the
critical price is even lower than the one abtained in our
first approach. The reason is that while neither ap-
proach considers the timing option, the inclusion of the
closing option, which is more valuable the higher the
output capacity, makes it profitable to expand even at
lower prices.
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Finally, the fourth approach is the one proposed in
this paper. It considers both the closing and timing op-
tion under stochastic prices available to the smelter.
Thus, while the smelter has a capacity of 4™ it has the
option to expand to 4™ at any point in time, and there-
fore the value of the smelter without the expansion is
higher than the one computed disregarding this option.
In addition, it is clear that the value of the expanded
smelter is the same as the one we computed before for
the smelter with capacity g™ = 374 million pounds
because once the smelter is expanded it has no option
to modify its capacity. Thus the critical price at which
increasing the capacity justifies the environmental in-
vestment should be higher than the one we computed
earlier. We define our critical price as $3°9P""2, which
turns out to be $1.344, the highest critical price of all
four approaches.

Figure 2 plots the value of the firm for different spot
prices and production capacities. W' represents the
value of the smelter that is currently closed and has a
capacity of 4™, At §] = 0.448 it becomes optimal to
begin production, and the value of the smelter is V', As
stated before, the critical price for expanding capacity
in our model is 55 = 1.344. Once the smelter is ex-
panded, whenever the spot price exceeds §; = 0.545 the
smelter should remain open, and its value is V. Spot
prices below S; = 0.545 induce the closing of the
smelter, which has a value of W2

Comparative static analysis of our results show that
the rise of the critical price increases further with vola-
tility of copper prices and with interest rates. This
should be no surprise given that option values increase
with both volatility and interest rates, so the opportu-
nity cost of “killing’”” the option by making the environ-
mental investment becomes higher. Moreover, if we
compute our solution with price volatility approaching
zero, our results converge to those of the second ap-
proach because under deterministic prices, the closing
option becomes valueless and the timing option ap-
proaches the one computed before.

One of the main conclusions of this paper is that firms
under emission restrictions designed to encourage en-
vironmental investments may optimally choose to cut
back production instead of engaging in heavy environ-
mental investments. The reason is that firms consider
both the closing and the timing options available and
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Figure 2 Value of the Smelter for Different Regimes

W' smelter is closed and has capacity ¢™'; V': smelter is apen and has
capacity ¢™'; W?: smelter is closed and has capacity ¢™*%: \2: smelter is

closed and has capacity g™<.
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require very high returns on environmental investment
before exercising the option to invest. This effect should
be taken into consideration when designing environ-
mental regulations.?

® This is a revised version of our earlier paper entitled *‘Natural Re-
source Investinents; Determining the Total Cost of Envitonment Pro-
tection Technologies.” Cortazar acknowledges the financial support
from FONDECYT, FONDEF and Fundacién Dictue. This paper was
presented at the meetings of the Institute of Management Science
(Alaska, 1994), the Econometric Society (Tokyo, 1995), the European
Finance Association (Milan, 1995), the French Finance Association
{Geneva, 1996), and the European Economic Association {Istambul,
1994). We thank participants in those conferences for helpful com-
ments.

Appendix 1
In this appendix, we derive the differential equation of the firm value.
Taking the Jt4's differential of the firm value H(S, X, I*), we have

AH = HedS + HydX + Hudl + SH(dSY + SHye(dX)! + HeydSdX.

The cash flows or dividends that accrue to the owner of the firm, are:
({5 — X — A(g, ")) — i)dt. Thus, the return on a portfolio consisting
of ane long position on the firm, a {Hg/ F5) short position on the futures
and a (XHyo:{ Yay) short position on the ¥, is

4F + (4(5 — X — Alg, 1) — it — 22 4 — (M)d)’,
Fs YO'Y

which is nonstochastic and should be equal to
r(H - (%)Y)d:,
Yﬂ'y
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Rearranging the above equation, we obtain the following differential
equation that describes the value of the firm as a function of the state
variables, 5, I, and X.

%Hssszd'{ + %Hxxxza; + stXSpcrlc.rz + (I - (SI”)HV
+(r—¢)8Hs + (ﬂa -2 - m))XHx
Ty

+ (g~ X — AN -~ rH=0

By the Capital Asset Pricing Model, the risk-adjusted expected re-
turn on Y is #y = gy = ¢ + 8ppdy and the risk-adjusted expected
returnon X is ry = gy + § = v + 8pxumas, where @ = (ry — ¢}/ g is the
market price of risk and gy, and gy are the instantaneous correlation
of ¥ and X return with the market portfolio return, rearranging the
above equation,

%Hﬁsszo'% + %Hxxxza'i + HsyXSpao,

+ (i — 81Hp + (v = €)SHs + {r — {)XHy
L

+ == (rm — P)oxpm — pva)) X Hy
Fps

+igS—X—-A{g, 'Y - —-rH=10
with pxm = e = dzydza, then;
LHesS%% + My X3 + HeXSpaas + (i — 61)Hy
+ {r— e)S§H; + (r - LIXHy

+{g(5-X-Alg. F)) —i)-rH=0

Appendix 2. An Alternative Model for the Discrete Environmental
Investment Schedule
In this section we assume that existing technological, economical or
regulatory considerations effectively restrict production capacity of a
smelter to be one of two values: g™ or g2, with g™ < g™ In
order to obtain analytical solutions to our discrete environmental in-
vestment prablem we make the additional assumption that the unit
cost of production A’ is a fraction ' of the concentrate price. Moreaver,
we assume that the environmental investment is a function of the con-
centrate price, kX.

In this model there are two sources of risk, 5 and X, which follow
Brownian motions

45
"é" = j.f.]\df + cr1d21,

4¥
T = ILdef + 03&21,

where p; and g, are the instantaneous trends; oy and 4 are the known
instantaneous standard deviations; ¢ represents time; dz, and dz, are
increments to standard Gauss-Wiener processes with correlation p.
The maximum output level that satisfies environmental regulations
with current technology is 4™, (with unit cost of production 2'X}.
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The smelter is considering when would it be optimal to expand to a
capacity of g™ {with unit cost of production 2*X} by investing an
additional I in a more environmentally efficient process.

We define:

* WS, X): value of the firm when it is optimal to be closed (g = 0)
and the smelter has capacity 4™

» W5, X): value of the firm when it is optimal to be closed (g
= 0} and the smelter has capacity 4%

* V{8, X}: value of the firm when it is optimal to be open and the
smelter has capacity g™*;

» V3(S5, X): value of the firm when it is optimal to be open and the
smelter has capacity g™*?. :

Using a procedure similar to the one described earlier, it can be
shown that the value of the firm under these conditions must satisfy
the following equations:

Wik} + Wi XPal + VL XSpam, + (¢ — C)slvg.
+(r = LXVE + g™ NS - X(1+a')) - #V' =,
IwlS%a? + MW, X2 + Wiy XSpam,
+ (7~ SWE+ (1 — XWL - W' =,
WSk + WWikX%) + VEXSpaym, + (v — )5V
+(r— DXV + g™ - X(1 + ah)) - #V2 =0,
Wisial + Wi X%} + Wi XSpma,
+(r— c)SWh+ (r — L)XW, - v =0,

subject to the following boundary conditions:

WwYQ) = 0, (16)
W‘(ST(X), Xy= V‘(SI(X), Xy, (17}
WLSI(X), X) = VHEI(X), X, (18)

VA(SI(X) X) - 1

{V‘(S;(X), Xy if SI(X} = SI(X),
= (19)
WYSHX), X) if S3(X) < §1(X),
Vi(SH(X), X)
{V}(SE(X), X) i $3(X) > $1(X),
= (20)
WLSHX), X} if $3¢X) < ST,
VA(S3(X), X) = WA(S3(X), X), (21
VH(S3X), X) = WHSH(X), X, (22)
W20y = 0, {23}
lim V. X) < oa, (24)
Hram
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With the following critical boundary prices, that must be found at
part of the solution:

* §7{X): Price aver which the smelter is apened and under which
it is closed if capacity is 4™ and concentrate price is X.

¢ 53(X): Price over which the smelter is expanded from capacity
g™ to capacity 477 and concentrate price is X.

. §3X ¥: Price over which the smelter is opened and under which
it is closed if capacity is §™*? and concentrate price is X.

We definel +a' = A'and 1 + 4> = A%

Because there are no opening or closing costs in our case, it is clear
that

S1(Xy = XAY,
SHX) = XA%

However it is not trivial to determine $3(X).

We can always define a new function b* such that Xh*(S/ X) = H*(S,
X), and substitute this expression into the abave differential equations,
obtaining:

fwhZ%h + (5 - 2w - Lw =,
WZ%L + (§(Z — A + (£ - oZvd - L =,

W Ziad + (§ — Zud - Lw? = 0,
WHZ0h + G2 - A) + (& - 9ZeF - Lo =0,

in which Z = §/ X and, 0% = o{ + a1 - 2pay, i5 the volatility of Z.
The general solution for the abave differential equations is:

w (X, Z) = (0 Z + 2%,
le(X, Z) — (Cazdl + .:42‘*2 + qul(% _ %)) ,
WX, Z) = (csZ% + cZ%),

z A?
X, Z) = (c-,-Z"1 + 2%+ q"“"l(— - Z)) ,
P

substituting the value of w and ¥

WX, Z) = X(e:Z9 + 2™,
s
VX, Y = X(cgz“' +eZ% o+ q"“"‘l(% - %—-)) ,
WX, Z) = X(cZ® + ¢6Z%),

zZ A?
VX, Z) = x(c,z*" + caZ® + qmﬂ(? - ?)) ,

with
dy = ay + o,
ds = ay — @,

1. g9

&) =
2 O‘z
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o = (alﬁ‘i)
02

Boundary condition (16) implies that ¢; = 0, boundary condition
(23) implies that ¢ = 0 and boundary condition (24} implies that ¢;
= 0. The other six boundary conditions can be used to solve for the
remaining unknowns:

-1 4
¢ g

= maxlgl _ .
R PRy

h-1)_4
<

— max}ﬁz _ ,

(dl - 1) _ ﬁ
< &
(dy — d)AT |

Substituting the value of I, kX: S3X) or Z3 can be computed by
solving the following equation:

@-1) &
e &

max2 g2l-" _
(q A _dl

qmaxlgllﬂﬁ) 7z ;d,

1 - _ i ( 1
== max: A2 _ maxlAl + k + maxl __ _maxl = 1 )
z (4 q ) paati NG

Finally,

w1—d

&= (CS Cq) ) Z:dz dy 4= Z (qmaxl _ qul]’
die

61 = ca + AT 4 gman gl R
¢ £
This completes the solution to our alternative environmental invest-
ment model.
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