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Testing the two-parameter asset pricing theory is difficult (and currently infeasible). Due to a
mathematical equivalence between the individual return/‘beta’ linearity relation and the market
portfelio’s mean-variance efficiency, any valid test presupposes complete knowledge of the
true market portfolic’s composition, This implies, inter alia, that every individuzal asset must
be included in a correct test. Errors of inference inducible by incomplete tests are discussed
and some ambiguities in published tests are explained.

If the horn honks and the mechanic concludes that
the whole electrical system is working, he is in deep
trouble. .,

Pirsig (1974)

1. Introduction and summary

The two-parameter asset pricing theory is testable in principle; but arguments
are given here that: (a) No correct and unambiguous test of the theory has
appeared in the literature, and (b) there is practically no possibility that such a

*This is Part I of a three-part study. Parts IT and I0I are summarized in the introduction
here, but will appear in later issues. A copy of the complete paper can be obtained by writing
the author at: Graduate School of Management, University of California, Los Angeles,
CA 90024, USA.

**This paper was written while the author was at the Centre d’Enseignement Supérieur des
Affaires, France. Eugene Fama, Michael C. Jensen, John B. Long, Jr., Stephen Ross and
Bruno H, Soinik provided many useful comments and Patricia Porter provided excellent
secretarial service, While the paper was being written, Fama pointed out that his new book
(1976) contains some of the same analysis and conciusions, New papers by Stephen Ross
(forthcoming) and John B. Long (1976) contain results emphasized, and formerly believed
to have been discovered, here. The reader will be able to verify, however, that most of this
material is non-redundant.

To the authors criticised here: these papers were singled out because they are the best and
most widely read on the subject. T have written some papers in this area tco and have taught
the subject to a number of unsuspecting students. So, the absence of detailed self-criticism
should be attributed to the greater importance of the other papers and does not imply any
personal prescience. None was present.
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test can be accomplished in the future. This broad indictment of one of the
three fundamental paradigms of modern mnmmom JS: undoubtedly Uw greeted
by my colleagues, as it was by me, with mo.mm:o;ﬁﬂmmm .oommﬂﬁzm:om. Hwo
purpose of this paper is to eliminate the scepticism. (No relief is offered for the
cohsternation.)

Here are the paper’s conclusions:

(1) There is only a single testable hypothesis associated ﬁ& the mmnmm.mmm.om
two-parameter asset pricing model of Em.ow {1972). This hypothesis is:
‘the market portfolio is mean-variance efficient’. .

(2) All other so-called implications of the model, ﬂr.m best known being the
linearity relation between expected return and ‘beta’, follow m‘oﬁ the mdmaw@m
portfolio’s efficiency and are not .Eamvnmag.:w testable. There is an if and
only if’ relation between return/beta linearity and market portfolio mean-
variance efficiency. .

(3) In any sample of observations on E&S%.mm: wﬂsﬂumu regardless of the gener-
ating process, there will always be an icfinite number mm oxu@omﬂ mean-
variance efficient portfolios. For each one, the sample ‘betas nEnEw.H@
between it and individual assets will be exactly linearly related to thein-
dividual sampie mean returns. In other words, if .Em vmﬁmm are calculated
against such a portfolio, they will satisfy the _Enm:,.;w. H.o_wio.b exactly
whether or not the true market portfolic is mean-variance mmwo.ﬁur. Aﬂ.ﬁ
same properties also hold ex ante, of course). These Hmmc:m are HBE.:& in
earlier literature [e.g., Ross (1972)], but I do UDﬂ.darmﬁ that their full
consequences have been adequately explored previously., Some of these

equences are:

(4) MMMM\HMSQ is not testable unless the exact o.oﬂwom.m:ow of the true E.EWQ
porifolio is known and used in the tests. This implies that the theory is not
testable unless all individual assets are 5&:&0@ in the mmBE.m. . .

(5) Using a proxy for the market pertfolio is w.mEmnﬁ to two difficulties. First
the proxy itself might be mean-variance efficient even Erm.u Eo true EE.WQ
portfolio is not. This is a real danger since every m.mm,@w E..E display eflicient
portfolios that satisfy perfectly all of the theory’s :Eurom:omm. For example,
suppose there exist 1000 assets but only 500 are used in the sample. For the
sample, there will exist well-diversified portfolios of .Ew 500 assets that seem
to be reasonable proxies for the market and for which observed returns are
exactly linearily related cross-sectionally to OUmmHmmm betas. OJ the ogn.n
hand, the chosen proxy may turn out to be So&na.:ﬁ but .oofocm_% this
alene implies nothing about the true Emﬂwﬁ. portfolio’s nm,poa.no«. Further-
more, most reasonable proxies will be very highly correlated 5.:5 each o.a:s.
and with the true market whether or not they are mean-variance oB.QoR.
This high correlation will make it seem that ﬁo exact composition 15 un-
important, whereas it can cause quite different inferences.

-
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(6) As a case in point, a detailed discussion is provided of the papers by Fama
and MacBeth (1973}, Black, Jensen, and Scholes (1972) and Blume and
Friend (1973), in the context of their rejection of the Sharpe-Lintner model.
It is shown that thieir tests results are fully compatible with the Sharpe~
Lintner mode!l and a specification error in the measured ‘market portfolio.
A misspecification would have created bias and nen-stationarity in the fitted
cross-sectional risk/return lines even if there were a constant riskless refurn.
For the Black, Jensen and Scholes data, for example, there was a mean-
variance efficient ‘market’ proxy that supperted the Sharpe-Lintner model
perfectly and that had a correlation of 0.895 with the market proxy actually
employed. However, it cannot be ascertained without further analysis
whether this other portfolio satisfied a1l the requirements of a good market
proxy {(such as positive proportions iavested in all assets).

The market portfolio identification problem constitutes a severe limitation
to the testability of the two-parameter theory. No two investigators who disagree
on the market’s measured composition can be made to agree on the theory’s
test results. However, suppose that advances in electronic monitoring of human
capital and other non-traded assets make the market portfolio’s true composition
knowable; or more realistically, suppose a given composition is just agreed upoen
by everyone relevant. How should the mean-variance efficiency of this known
composition portfolio be tested ? Part II of the paper (to appear in a later issue)
investigates the peculiar econometric problems associated with such testing,
viz.:

(7) A direct test of the proxy’s mean-variance efficiency is difficult computa-
tionally because the full sample covariance matrix of individual returns
must be inverted and statistically because the sampling distribution of the
efficient set is generally unknown. Some possible solutions to the statistical
problems are presented. They include tests based on the fact that the market
portfolio must have positive proportions invested in all assets; large sample
distribution-free tests; and tests based on the sampling distribution of the
efficient set assuming Gaussian returns.

(8) Testing for the proxy’s efficiency by using the return/beta linearity relation
also poses empirical difficulties:

{a) The two-parameter theory does not make a prediction about para-
meter values but only about the form {linear) of the cross-sectional
relation, Thus, econemetric procedures designed to obtain accurate
parameter estimates are not very useful.

(b) Specifically, the widely-used portfolio grouping procedure can support

“the theory even when it is false. This is because individual asset
deviations from exact linearity can cancel out in the formation of



132 R. Roll, Critique of asset pricing theory fests— I

portfolios. (Such deviations are not necessarily related to betas.)
Some simulated data given by Miller and Scholes (1972) were used
as an example of such an occurrence. Deviations in these data were
known to be related to generating process asymmetry which weuld
not have been detectable in grouped observaticns.
(9) Several others tests are propoesed for the linearity relations. ﬁunm.a include:
{a) An Ajtken-type procedure that gives unbiased cross-sectional tests
with individual assets, and . .
(b) a procedure that exploits asymptotic exact linearity by measuring
the rate of decrease of cross-sectional residoal variance with respect

to increasing time-series sample size.

In Part I of the paper (to appear in a future issue}, some of the common
uses of the two-parameter theory are called into question:

{10) Deviations from the return/beta linearity relation are b.mﬁﬁnwz%.c.u.w@m
with some other phenomenon. The validity of such linkages is criticised
using the Jensen measure of portfolio performance as an Q&BE@. If the
‘market’ proxy used in the calculations is exactly (not significantly different
from) ex-post efficient, alf of the individual Jensen _.um:.,onsmaom measures
gross of expenses will be identically (not significantly different from) zero.
They can be (significantly) non-zero only if the proxy Bm%wﬁ wonmoto is
(significantly) not efficient. But if the proxy market @,9.%25 is not efficient,
what is the justification for using it as a benchmark in performance evalua-
tion? . .

(11) The beta itself is criticised as a risk measure on two grounds: first, Emﬁ it
will always be (significantly) positively related to observed ayerage in-
dividual returns if the market index is on (not significantly off) the momacoﬁ
sloped section of the ex-post efficient froatier, regardless of investors
attitudes toward risk; and second, that it depends, moD-EozoﬁoEnE._wu
on the particular market proxy used. About the mmnom@ peint: if two in-
vestors happen to choose two different ‘market’ portfolios, both of which
are mean-variance efficient, the same security might have a beta ow. i5
for the first investor and 0.5 for the second. This is intuitively o,ﬁ.uﬁo:.w
since beta is suppesed to be a relative measure of Hmmw. But _.mmm owﬁocw Is
the fact that i both investors increase the proportions _mEm security re-
presents in their ‘markets’, its beta will change and it can increase for one

investor and decrease for another.

An appendix to this part {I) contains a compact analytic Qn_,?.mﬁ.mon ﬁ.:, the
efficient set propositions and includes a few original results ﬂo.m; identity of
the efficient portfolio that maximizes cross-sectional variation in beta).
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2, The testable feature of asset pricing theory and
the features that have been “tested’

2.1. Efficient set mathematics

We should begin any quantitative enquiry by setting forth the relationships
that are mutually and logically equivalent. The mathematics of the mean-
variance efficient set serves just such a purpose, for it exposes several logically-
equivalent relations among mean returns and covariances (which are the building
blocks of the asset pricing theory), The mathematics is mostly available else-
where [sce, e.g., Sharpe (1970), Merton (1972), Black (1972), Szegd (1975),
Fama (1976), Long (1976)) and a compact statement of all the familiar results
plus some new ones is provided in the appendix.

The efficient set mathematics has been discussed most usually in terms of
ex-ante returns and covariances. To emphasize the purely mathematical nature
of the results, however, I should like to state it in terms of an observed sample
of returns on N assets. No presumption is made about the population that
generated this sample. It can be any probability law imaginable. Furthermore,
ne mention need be made about equilibrium, risk aversion, homogeneous
anticipations, or anything else like that. There are only two assumptions:

(A.l}) The sample product-moment covariance matrix, ¥, is non-singular.
(A.2) At least one asset had a different sample mean return from cthers.

These are very weak assumptions. (A.1) simply rules out assets whose returns
were constant during every period in the sample and it excludes any pair of
linear combinations of assets that were perfectly correlated during the sample
period. (A.2) merely requires some sample variation in the critical variable of
interest. After all, it is cross-sectional variation in the mean return which asset
pricing theory strives to explain.

Given the sample covariance matrix and the arithmetic sample mean returns
{expressed as an N x | column vector R), the sample frontier of efficient ex-post
portfolios can be easily obtained. This frontier enumerates all the portfolios
that had minimal sample variance for each given level of mean sample return.
Suppose we choose one of these portfolios, say portfolio m, with sample return
Tan Which lies on the positively-sloped part of the efficient frontier. {That is,
there is no other portfolio with the same sample variance that had a higher
mean return.) Then the following statements are true:

(S8.1) There exists a unique portfolio, denoted z, that had a correlation of zero
with m during the sample period and that lies on the negatively-sloped
segment of the sample efficient frontier; this implies that the sampie
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return of m was greater than that of z, r,, > r,. (For a formal proof,
see the appendix, Corollary 3.)

(8.2) For any arbitrary asset or portiolio, say j, the sample mean return is
equal to a weighted average of r, and r,, where the weight of m is exactly
the sample linear regression slope coefficient of j on m, ie.,

ry = (1=Fr+ B for all j, (1}
where ’

sample covariance of j and m

! sample variance of m

(Proof: Appendix, Cotollary 6}.
Statement (S.1) is related to the following facts:

(8.3) Every portfolio on the positively-sloped segment of the sample efficient
set was positively correlated with every other one {Corollary 4).

(8.4) Every sample efficient portfolio except the global minimum sample
variance portfolic has an orthogonal portfolio with finite mean teturn

{Corollary 3).

1t is easy to see that (S.3) and (S.4) imply thatr,, > 7, because we have chosen m
to lie in the positively-sloped segment of the sample efficient frontier.
Proposition 8.2, on the other hand feilows from:

(S.5) The investment proportions of any sample efficient porifolic can be
expressed as a weighted average of the proportions in any other two
sample efficient portfolios whose means are different (Corollary 5).

Given (8.5), it is a simple matter to prove (1); see the appendix or, e.g., Black

(1972, p. 450). In fact, a more general proposition than (1) follows readily from

(8.5). Let 4 and B be any two arbitrary sample efficient portfolios, ¢x-post

correlated or not, but with different sample mean returns. Then:

(S.6) The mean return on any arbitrary asset, j, is given exactly by
rp= (1 —Bra+Birs, for all j (2)

(Corollary 6.A).

|
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Ww, €q. (2) B} is the multivariate sample slope coefficient for B from the H.m.m:w..mmmon
ryon r, and rg. Furthermore, this regression coeffcient has a simple form,

b= (08— 0 4p)/(0gp— O 4B

M.WMR.QH_.» is Eommmw%un covartance of / and k. It is easy to see that (1) is merely
ecial case o that obtains when A is chosen to ’
e be B’s orthogonal sample
wﬁuammm_om (2) can be considered a logical equivalent to assumptions (A1)
an Cw.mv. In other Soamu. given an observed nen-singular sample covariance
mezx and at least two a._mﬁo:w sample mean returns, every observed mean
,8 E_m has exactly the relation shown in (2). Equivalently, every cbserved sample
beta’ conforms exactly to the rearrangement of (1),

m.q. = A__‘L..IwL\QSIwL. {3)
A converse statement is also true:

(8.7) Let £ be the (¥ x 1} column vector of simple regression slope coefficients
computed between individual assets and some portfolio 7. Then the
.Swnno.n of mean returns R is an exact linear function of the vector B only
if n is a sample efficient portiolio; i.e., in general,

&Nm.‘.NNJFQ.S]_‘Nv»Qu ﬁ&v

f mm% ou_wm if r,, is ex-post efficient [r, is the mean return on »’s corres-
ponding efficient orthogonal portfolio and 1 is the unit vect
e vector, see Ross

MH mmv,:wém zwmﬁ. mean returns are sof exact linear functions of betas when m is
not elficient. This does not imply that mean returns are necessarily related to

non-linear functions of beta. The i i :
: . y are just not exactly linear.
the relation Y ro For example,

R=atgh

Is a possibility if m is inefficient; where « is a vector whose elements are non-
constant _UE. are unrelated to the elements of §, and g is a scalar constant.
Before going on to the theory of asset pricing, it is well to emphasize the
nature of these mathematical relations. Tdentity symbols have been used in (1)
Emo.cmw {4) because they really are identities. Given the choice of m as ex-post
ﬂumem:r .Emmn expressions hold exactly. They do not, therefore maoamn Mu%
information about the state of nature or about the process that “mgn::ma the
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sample. The underlying probability law might be anything E.a Eo H.nmm:.omm
above would always be observed ex-post. This has reievant implications for

testing the asset pricing theory, as we shall sce.

2.2. 4 review of some asset pricing theory tests

Three widely-quoted empirical papers on asset pricing theory are Black,
Jensen and Scholes (1972), Blume and Friend (1973), mm.m Fama and Emowmwr
(1973).' Let us examine what they said they were Hmm:b.m“ The .m_mmﬁ.oEmE in
Fama and MacBeth is very clear. They refer to a porifolio m which is on .Sm
ex-ante efficient frontier as seen by a single investor. HEm .Momam to the aom.Em.:En
of an equation identical to (1) but with investors’ subjective parameters instead
of sample parameters. The resulting equation [Fama-MacBeth (1973, p. 610)]

‘... has three testable implications: (C.1) the w&maowmﬁv amg‘m.mn Eo
expected returns on a security and its risk in any nbwn_.mﬁ.wonwo:o m i
linear. (C.2) §;is a complete measure of the risk of mmnm.:Q { i the efficient
portfolio m; no other measure of the risk of ¢ appears in (6) [eq. (1) w.nn&.
{C.3) in a market of risk-averse investors, higher :m.w should be associated
with higher return; that is £(R, )~ E(R,) > 0.’ [R, is the same as r, here,]

Given that the word ‘risk’ has replaced the ﬁmHmEmnn.n B, we rm,\.o m_.m.mm&‘ seen
that Fama and MacBeth’s (C.1), (C.2), and (C.3) are simply HEE_om:.omm of the
fact that m is assumed ex-ante efficient.? If m is known to vm efficient, Emm.m
relations are not independently testable. They are tautological. When m is
efficient, the expected return must be linear in § and M%L must exceed .MCM&.
incidentally, given the assumption that m is efficient, m:»”: EMH Gmnmmrq has
nothing to do with risk aversion. It is purely Ew BmEmBm:nm_ _BE_nm:ﬂm of the
assumption about m and the definition of 8. It is totally independent of E<mwwon
preferences since it follows from the mathematical Mnonﬂ,@ Am._.v. Oo:ﬁ% Y,
if Fama and MacBeth’s (C.1) is true, and ex-ante Bisan owmoﬁ linear .m:soﬁmom
of ex-ante expected return, then m must be ex-ante mean-variance nm.._Qa.E.

It is clear from the authors’ discussion that they are aware of these internal

. . o . . 74)
! e other interesting papers containing similar tests, e.g., Petit msm. Westerfield (1%
mb&%ﬁmmmmmn:m:r Pogue, Scholes and Soinik (1972). Petit E.a. Westerfield s Rﬁmo%:wwmwmpmm
ricing theory is actuaily identical to Black, Jensen and mn@o_mm aithough NnE an red
y to deny this. Modigliani, Pogue, Scholes and Solnik carry out a m::.nmn test @n n._mw
Mmmwwmﬁ European stock markets. Palacios (1973)and Rosa (1975) vm..nmnmwﬁ mw%.__mm _MMMMM_WM%MM
i rance respectively. Roll (1973) gives a comparative tes
meom%wﬁam%m “un:.Sm— E.owﬁs model using the same EnEQQ&Om%. Seealso Fama wsa gmnﬁw%ﬂw
{1974a), Fama and MacBeth (1974b) investigate the extension of asset pricing t no‘,ﬂa n
multi-period context, Roil and Solaik (1975} apply the En%na@_omm to exchange _.Mmmw. a5
2(C.2), the statement that no other risk measure except ._m is _Eno:ms.ﬂ.%nmm:mwﬁ e
Bmmmﬁnm risk. Whether it measures risk or not, roimé.ﬁ.: is the only varia le on_ gh si
of (1). (r; and r,, are constant cross-sectionally.} Thus, it is the only cross-sectiona exp Y

variable of any kind.

|
.\_
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relations. For example, on page 609 they state, ... there are conditions on
expected returns that are implied by the fact that in a two-parameter wozrld
Investors hold efficient portfolios.” But on page 610 they make a statement
inconsistent with the facts and with their own knowledge of the mathematics:
‘To test conditions (C.1)~(C.3) we must identify some efficient portfolio .
Of course, if m i identified as efficient, there is no need to test (C.1)-(C.3).
(See also the self-contradictory second paragraph on p. 614.)

But there are testable hypotheses in the F. ama-MacBeth paper. The hypotheses
really are;

(H.1) Investors regard as optimal those particular investment portfolios that
are mean-variance efficient.

Assuming identical probability assessments by all investors, this hypothesis
leads to:

(H.2) The ‘market portfolio’ is ex-ante efficient.

of the efficient set, {5.9)]. Interestingly, Black states that Lintner (1969) . . . has
shown that removing [the] assumption [of homogeneous anticipations] does not
change the structure of capital asset prices in any significant way’ (p. 445).
Nevertheless, Black’s proof of the market portfolio’s efficiency does require
homogeneity. This might be relaxed in a more generat (and as yet unknown)
proof; but Fama (1976, ch. 7) has argued that, in fact, no equilibrium mode]
with non-homogeneous anticipations is testable.

*On page 447 a¢ the beginning of his discussion of efficient portfolics, Biack makes g state-
ment that seems to be ip conflict with the resuits here. He claims that Cass and Stiglitz (1970)
have shown

" .. that if the returns on securities are not assumed to he Jjoint normal, but are allowed
to be arbitrary, then the set of efficient portfolios can be written as a weighted combination
of two basic portfolios only for a special class of utility functions® (italics added).

It is clear from his subsequent discussion that Black was referring to mearn-varianee efficient
portfolios. Thus, his statement is faise. Efficient mean-variance portfolios can always be con-
Structed as a “weighted combination of two hasic portfolios’. Furthermore Cass and Stiglitz
never claimed the contrary. What they did was to enummerate the set of utility functions for
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In both the Black paper and the Fama-MacBeth paper there exists a E.ﬁ of
unfortunate wording about the efficient set B.m%mu._mmnm. and &uo:.ﬁ optimal
investment choices. At first, it might seem that the resulting oos.mum.ﬂou would
be only minor, But when it comes to empirical testing and te %wﬂ@.Sm exactly
those relations that are empirically rejectable and are valid scientific hypotheses,
this possible confusion is of great amE.bomso.n.

The only viable (i.e., rejectable) hypothesis %E.ém have 50 wmm been able to
uncover is (H.2), the market portfolio is mean-variance efficient. Hg assump-
tions which are sufficient for this result are rather strong: wonm.noﬁ o.mm;& markets,
homoegeneous anticipations, two-parameter @ﬂogg:@. a;ﬂ&csoum @m returns.
But there is also another assumption that has received little attention in the
literature: namely, the market portfolio must be identifiable. .

This last assumption is very lmportant when we oommM&mn.%m.ﬁ there will
always be some portfolio which is ex-post efficient and will bring about exact
ovmmmﬁg linearity among ex-post sample mean returns and ex-post sample betas.
If we do not know the composition of the market portfolio, we ﬁ.:mw; by chance
select a proxy that is close to mean-variance ammow.ouﬁ. In wmo.r it may be hard
to find a highly-diversified portfolio that is sufficiently mma _dmaw the ex-post
efficient frontier to permit the detection of statistically mHmEmom:H mmmmﬂﬂamm
from mean return/beta exact linearity. We will return _.wo this point later. First,
let us see what some of the cther papers have been testing.

The widely-quoted paper by Black, Jensen, and mogmmm Qc.qmv. makes no
mention of the possible efficiency of the market portfolio and its impoertance
for the linear relation between return and ‘heta’. In fact, woéﬁ_om the E.Hmroa
modestly claim that their *. . . main emphasis has @mmﬂ to test the strict Qm&ﬁo.b&
form of the asset pricing model’ (p. 113}, by whick me mean the original
Sharpe (1964), Lintner (1965) model similar to (1), 9: with r, replaced E a
‘riskless’ return. [This modei results from the asset pricing theory mmmn.ﬁbzonm
listed above, and useé by Black to derive (1), plus the ox.:m mmmﬂawﬁo: that
investors can borrow and lend as much as they like at a EmEo.mm interest rate.]
Black, Jensen, and Scholes explicitly deny that .Em% have .Eoﬁana tests of any
other hypothesis. However, the Black model is Qmmﬂw in .ﬁrm vmowm.Om their
minds and on page 81 they even go so far as to provide a Eﬁodn.& m:.aﬁmo of
Black’s theoretical progress by asserting that he ‘was able’ to derive his model

which all investors would construct their optimal no_.m.o:om as a weighted average of two .cmw_m
ios. Under a restrictive set of preferences, each investor would ammm.na a mean-varianc
ass and Stiglitz show, there are other investor prefercnces
which would lead to ‘separation’ (or the choice n.vm an ow:Bm.w H.uo_.n,a:o ﬁ:nw.a a EMWMMM%
combination of two others), under which the optimal portfolic is rot mean-variance cfiic Sh
[See also Hakansson (1969), Jacob Cmqe mzmawﬁm@mﬁmﬂ.w,\wv. MMMSWWH reference gives sepal

H ili istributions instead of utihty fun . N
:owmu_.mmmﬂwmwn M\MMMWMM#MMO provide an ingenious time-series test of ﬁmlﬁn competition,
m?a:m:ﬁ hypothesis (H.2). However, this part of their paper is about a different set of hypo-

theses than our subject here.

portfel .
efficient portfolio as eptimal; but as C
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‘after we had observed this phenomena’ (that mean returns are linearly related
to calculated beta coefficients but supposedly with a different siope and intercept
than those implied by the Sharpe-Lintner thecry). The graphs plotted by
Black, Jensen, and Scholes appear to portray a very linear mean return/beta
relation over long sample periods. Unlike Fama and MacBeth, however, no
formal test of iiearity is provided. (It must not have seemed necessary given
the authors’ goal.) Thus, no formal information is given on the possible efficiency
of the measured market portfolio, nor about the hypothesis (H.2).

A direct test of linearity was provided by one of the authors {Jensen (1972a,
1972b)], who, using the same data as those used by Black, Jensen and Scholes,
presented results from a regression similar to the one later computed by Fama
and MacBeth. In fact, the fitted equations are nearly identical in form but the
measurement methods were somewhat different and the ‘market’ portfolios
used in calculating betas were different.® This was evidently sufficient to create
some disparity between the two sets of results. We cannot ascertain the exact
extent of the disparity because the sub-periods reported in the two papers were
not identical. At least the signs of coefficients on squared beta terms were in
agresment, being negative during the longer sample periods. The statistical
significance of these negative signs is less clear. For example, the coefficient
given by Fama-MacBeth for the squared beta term during 1946-55 was — 0.0076
(p. 623). The same coefficient given by Jensen for an overlapping period, July
1948 to March 1957, was —0.0055. The associated f-statistics were far apart,
however, Fama-MacBeth's was —2.16 whereas Jensen’s was only —0.524.5
This difference may very well be due to Fama and MacBeth’s presumably more
powerful test but there is no way to be sure without a complete teplication.

It might be worthwhile carrying out such a replication because the linearity is
directly related to the market portfolio’s efficiency. We can already be sure that
the ‘market’ portfolios used by Jensen and by Fama and MacBeth did not lie
exactly on the sample efiicient frontier. If they had been exactly efficient, the
relation between the mean return vector and the vector of sample betas would
have been exactly linear and it was not.” But it is not necessary for the basic
hypothesis (H.2) (the market portfolio is ex-ante efficient) that the obsesved
market portfolio be exactly ex-posr efficient in every period. Tt only needs to be
efficient over ‘sufficiently’ long periods. Now both Jensen and Fama-MacBeth
find no significant non-iinearity over the longest sample period nor do they find

5CY. Jensen (1972b, pp. 385-388) with Fama and MacBeth (1973, pp. 615-617).

“Jensen reported a s-statistic with respect to a non-zero theoretical value which he derived
from Merten’s (1973) continuous time model. The number above is his -statistic for a hypo-
thesized coefficient of zero.,

?Actually, this is not entirely true for Fama—MacBeth since they did not use concurrent
sample mean returns and betas, Thus, some deviation from linezrity might have been observed
in their results, even if the ‘market’ portfolio had been exactly sample efficient, because the
sample betas might not have heen stationary. Part I1 of this paper will examine the importance
for testing the basic hypothesis of attempting to purge measurement errers from sample betas.
(This was the reason Fama and MacBeth did not use concurrent observations.)
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any significance for non-beta ‘measures of risk’ such as standard deviation.
Although this is consistent with their markst portiolio proxies having been
sample efficient over the long term, it is also consistent with their proxies having
been inefficient (as we will soon see).

Interestingly, Fama and MacReth offer a possible explanation for the sig-
nificance of nen-linear beta terms during some sample periods: viz., they suggest
that there are omitted variables from the thecry for which the non-linear terms
act as proxies. Of course, their results are also consistent with the simpler
explanation that the Fama-MacBeth ‘market’ portfolio was not exactly ex-post
efficient in every sub-period. This alone implies that non-linear terms could be
significant. It is also true that the non-exact ex-post efficiency of the market
might induce significance in individual standard deviations {l.e., in non-portfolio
risk measures),

2.3. Tests of the Sharpe-Lintner model

Let us now turn to an ancillary examination of the evidence offered by Black,
Jeasen and Scholes and by others against the original Sharpe-Lintner theory.
It will be useful to have the following supplementary results from the efficient
set mathematics.

Given the following additional assumption :

(A.3) There exists an asset whose return was a constant, rp, during the sample
period.

Then:

(8.7) The sample efficient set (in the mean-variance space) is a parabola with
a tangent on the return axis at rpy.

(5.8) Suppose we denote the ‘risky efficient set’ as the ensemble of portfolios
with minimum variance excluding asset F. Then results (S.1) through (5.6)
still hold for the portfolios composing this ‘risky efficient set’.

In particular, for any ex post portfolio composed entirely of risky assets and
Iying on the positively-sioped segment of the ‘risky efficient set’, sample mean
returns on all assets are exact Iinear functions of sample betas as portrayed by
eq. (1); sample mean r, in (1) is the return on a portfolio lying on the negatively-
sloped segment of the risky efficient set whose return was uncorreiated with the
return on m during the sample period.

In other words, we have the familiar diagram shown in fig. 1, where m, m*
and z are all portfolios composed of risky assets only and are ail on the sampie
risky efficient boundary. The portfolio m* is the sample ‘tangent’ portfolio

e e
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..J&o,mm return, accerding to Corollary 3.A of the appendix, is determined by the
.EwEo.mm return, rr, and of some simple functions of the mean return vector of
individual assets and of the sample covariance matrix. Portfoiio z has been chosen
to have zero sample correlation with portfolio m, a feat that is always possible
for any position of m.

Sample
Mean

Sample Risky
Efficient Set

N‘I

.“'i

Sample

T Standard

Deviation

Fig. 1. The sample tisky efficient set, sample market proxy and sample zero-beta portfolia.

) Zom let us consider the sampie linearity property between mean return and
eta. First, if portfolio m is used to compute beta, we i
, » Wwe must have the m
result already found, Hhematica

r,= ﬁ+mwslwnv»®‘: for all ;. (3a)
On the om:nm.wmna we might choose portfolio m* to compute the betas. This will
produce a &awﬁn.:m set of sample betas because m and m* are not perfectly
oowaommﬁma. Denoting these second betas by B%, we must have also another line-
arity relation,

= et (= re)B, for all j. (5b)

.9::: about z*, the risky efficient portfolio that is uncorrelated with m* ? Since
1t too must be usable in yet another linearity relation with the *s, it must
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have the same mean return as r. In fact, it is quite easy to prove that this is so.®
Furthermore, since there is an infinite number of efficient risky portfolics along
the positively-sloped boundary, there is an infinite number of these linearity
relations, all equally satisfied exactly (but all with different beta vectors). In
particular, r, and r,, would have their own §F and £% in (5b) and would satisfy
the second linearity relation above. Note that B must be non-zero because
efficient orthogonal portfolios are unique. Thus, even though m and z are
uncorrelated, #* and z must be correlated. Furthermore, although m*’s ortho-
gomnal postfolio is constrained to have_the same sample return as the riskless
return, there is no such restriction on portfolio z. Depending on the relative
positions of m and m*, r_ can be greater or less than rp.”

Armed with these purely logical results which are true for any sample satisfy-
ing assumptions (A.1), (A.2), and (A.3), let us turn to the published tests of the
original Skarpe-Lintner theory. First, what are the principal hypotheses of this
theory? They are:

(H.3) Investors can borrow or lend at the riskless rate, rp.

(H.1) (Same as before.) They consider that mean-variance efficient portfolios
are optimal.

Thus, each individual would compose his portfolio of the riskless asset &
and his subjective tangent portfolio m*. If investors had hemogeneous prob-
ability assessments, they would all have the same tangent portfolio. Thus:

(H.4) The ex-ante efficient tangent portfolio is the market portfolio of all
assets.

Of course, since there seems to be little possibility of rejecting (H.3) or even
(H.1) with direct information, we are left with (H.4) as the testable hypothesis.

Black, Jensen, and Scholes rejected the Sharpe—Lintner theory as a result
of the following ‘“test’: First, a ‘market’ portfolio was chosen and sample betas
were calculated via a procedure designed carefully to remeve measurement
error. Then, the cross-sectional mean return/beta linearity relation was esti-

8RBy Corollary 3.A of the appendix, a tangent drawn to any point p on the efficient frontier
intersects the return axis at the level of the mean return on p's orthogonal portfelio. Since m*
is, by definition, located at the tangency drawn from rg, we must have rz = r... In the mean-
pariance space, there is a little-known analogeus property: a line from any point p on the
efficient frontier that passes through the global minimum variance position also intersects
the return axis at the level of p's orthogonal portfolio. In general, if p is efficient, every portfolio
orthogonal to p will have return r, = (a— br,)/(b—cr,) where a, b, and ¢ are the ‘efficient set
constants’ (see appendix, Definition A.9).

#r, will exceed rp if and only if ry > £y,
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mated in the form
=g = uwo._-ﬂﬂm‘...m.mb A@

where £; is the estimated residual.

The basic results were that 4, exceeded zero, that 9, was less than r_ —rr,
and that %, was highly variable from one sub-period to another. This led them
to reject hypothesis (H.4).

Given our preceding analysis of the efficient set mathematics, we are entitled
to be suspicious of their conclusion. Unless Black, Jensen, and Scholes were
mzoonmm?_ in choosing m* (in fig. 1) for their market portfolio, their results are
wc:w compatible with the original Sharpe-Lintner model. This is readily seen
in the two ex-post equations (Sa) and (5b). Suppose, for example, that their
‘market’ portfolio was really m rather than m*, Then solve (5b) for j = z and
use this to replace r, in (5a). The result is

Fi—rp = mwo:aali+m.‘al...~.,lmw¢.a.lwwﬁhg..

2.9« we have already seen that ¥ must be non-zero'® and that the Sharpe-
hES.Q theory implies 7,. > r; ex-ante (and ex-post asymptotically with in-
creasing time-series sample size and with stationarity). Thus, the estimated
n@&mo_osﬁ Yo 1n (6) 1s seen to be equal to f¥(r,.. - r;) given validity of the Sharpe-
ﬁSSQ theory and efficiency of the measured ‘market’ portfolio #. Furthermore,
since Black, Jensen, and Scholes’ constant term, #,, is a function of the true
tangent portfolio, m*, whose return is a random variable, we should expect
to see an intertemporal variation in their constant term even when rpis a fixed
number. There will be an offsetting variation in ¥, the slope of (6).

Zo calculations were made by Black, Jensen, and Scholes to ascertain whether
their market portfolio was in fact close (statistically) to the ex-post tangent
portfoiio over long periods. But we can be absolutely certain that it was not!
Why? Because the pure mathematics of the efficient set teli us that the relation
{5b) is exactly satisfied in every ex-post sample for which assumptions (A.1),
.Q.rmpu and (A.3) were true. Assumption (A.3), a constant return existed, was
indeed approximately satisfied during all their sample periods. Thus, we can be
sure that for each sample period there was a portfolio m* whose associated
sample beta vector was a linear function of the mean return vector and for which
the coefficients of (6) satisfied $, = 0. Since the sample beta vector calculated by
Black, Jensen, and Scholes differed significantly from the vector that satisfied
(5b) and did not approach that vector as the time series sample size increased,

9As a reminder, 8.* is defined the sample analog of Covir,, r, ) Var{r,.); i.2., the beta for
:ﬁ. proxy zero-beta portfolio (z) computed against the /rue market portfolio (m*). N.B.:
This ‘zero-beta” portfolio has a beta of zero only against m. It has a non-zero beta against al/
other efficient portfolios.
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we know that their ‘market’ portfolio was not statistically close to the tangent
portfolio.!!

On the other hand, one should note also that an ex-post verification of (5b)
would not have implied that {A.3) was valid. In other words, the purely mathe-
matical proposition (5b) can be observed even if investors are totally prohibited
from access to a riskless asset. Consider the following scenario as an example:
Tnvestors are totally excluded from riskless borrowing and lending. Nevertheless,
the government publishes each period a number called the riskless rate of interest.
It follows that each period there will exist some portfolio m* whose associated
betas along with the published number exactly satisfy (5b). This observed m*
will not necessarily be the market portfolio, of course. How can we distinguish
empirically this scenario from the Sharpe-Lintner model where riskless borrow-
ing and lending is fully permissible ? We cannot do so from the linearity refation
(6} alone. We must have independent information on the true market portfolio’s
identity. Only then can we determine whether this particular portfolic is or is not
the tangent portfolio and thereby distinguish between the two scenarios,

In summary, even if Black, J ensen, and Scholes had been unable to reject the
hypothesis that §, equals zero and that there is a linear beta/mean return trade-
off, they would not have been entitled to support the Sharpe-Lintner theory.
They shouldn’t have rejected the theery either upon not finding §p = 0, Their
test is simply without rejecting power for hypothesis (H.4).

Black, Jensen, and Scholes realized that using a misspecified ‘market’ portfolio
would result in a measured 4, from (6) not equal to zero. However, they thought
mistakenly that the §, would have to be constant even with the misspecification
(cf. their page 115). This was a critical oversight, for it led to a professional
consensus that the Sharpe-Iintner theory was false. It seems probable (at least
to me) that such an opinion would have been held less widely if the market
index’ compaosition had been correctly perceived as the critical variable in under-
standing the test results; that is, if we had realized that a readjustment of the
market portfolio’s proportions might have reconciled the test results as well
to Sharpe’s and Lintner’s theory as to Black’s.

It may occur to the reader that the Black, Jensen, and Scholes paper tested
a joint hypothesis: the Sharpe-Lintner theory and the hypothesis that the port-
folio they used as the ‘market’ proxy was the true market portfolio. This joint
hypothesis was indeed tested and it was rejected. We can conclude therefrom
that either
(a) the Sharpe-Lintner theory is false, or
(b) the portfolio used by Black, Jensen, and Scholes was not the true market

portfolio, or
{c) both (a) and (b).

*In the next section their results are used to actually calcufate the mean and variance of this
sample tangent portfolio (ses table 1),

nﬁ
|
:
|
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There lies the trouble with joint hypotheses. One never knows what to conclude.
Indeed, it would be possible to construct a joint hypothesis to reconcile any
individual hypothesis to any empirical observation. In the present case, fortun-
ately, there is at least the information that (b) is false. The portfolio used by
Black, Jensen, and Scholes was certainly not the true market portfolic; but
whether it was statistically close to the true market portfolio [thus leading to
conclusion (a)] or whether it was closer than the Sharpe-Lintner assumptions
are to reality is beyond our capacity to know.

As for the other papers, Fama and MacBeth present tests of the Sharpe-
Lintner theory which are similar in spirit, form, and conclusion to those of
Black, Jensen, and Scholes (see their section VI, pages 630-633). The explicit
stated hypothesis is that §, from (6) be insignificantly different from zero.!2
Their conclusion js that *. . . the most efficient tests of the S-L (Sharpe-Lintrer)
hypothesis . ., support the negative conclusicns of others’ (p. 633), (because 9,
was found to be significantly different from zero). Probably because of the nature
of their methodology, Fama and MacBeth, unlike Black, Jensen, and Scholes,
did not consider the variability of 9, as an additional piece of condemning
evidence against the Sharpe-Lintner hypothesis. Thus, they did not draw Black,
Jensen, and Scholes’ second erroneous inference. 13

Blume and Friend (1973) provide an equivalent set of empirical results but
iterpret them quite differently. They begin by explicitly stating the Black model
[essentially eq. (1)], and they take a similar tack in asserting that the observed
zero-beta return, r,, must equal the riskless rate, re.t# in order for the Sharpe-
Lintner hypothesis to be supported. They also find that the observed estimate
of r, is significantly different from 7y and thus reject the Sharpe-Lintner hypo-
thesis.

They are clearly bothered by this conclusion, however, because they are
convinced that a nearly riskless interest rate gid exist. They state that: ‘If returns
are measured in real terms, the only risk in holding governments of appropriate
maturities would stem from unexpected changes in the price level . . . [and]
... thisrisk . .. has been very small’ (p. 20). The second step in the argument
leading to their inquietude is the conclusion that if a riskless asset does exist,
the intertemporal variance in the zero-beta portfolio’s return (i.c., in r.) must be

'20n page 630, they state: ‘In the Sharpe-Lintner two-parameter model of equilibrium
one has, in addition to conditions (C.1}HC.3), the hypothesis that E($o) = Ry, (This is
equivalent to Black, Jensen, and Scholes’ model because Fama and MacBeth did not subtract
R;; from both sides of the linearity relation.)

13The first inference was Fo's significant positivity. BJS stated clearly that misspecification
in the market proxy portfolio could cause this, The second inference was intertemporal varia-
tien in ;. They incortectly thought that misspecification could not cause this. It was really
this second crucial inference which induced them to state that the Sharpe-Lintner model was
rejected by the data,

*4This is, of course, equivalent to §; being zero in eq. (6).
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zero (see their discussion on pages 22-23),'% and they claim to have demon-
strated the falsity of this empirical implication in their earlier articie .238. ,
This leads to an interesting conclusion: namely, the ‘return generating process

corresponding to Black’s model *. . . cannot explain the observed returns of all
financial assets . ... Nonetheless ... it may be ... adequate . ., for a subset
of all financial assets, such as common stocks on the NYSE .. .. If this be so,

the minimum variance zero-betz portfolio consisting only of common stocks
would not be the zero-beta porifolio of the capital asset pricing model. However,
... the expected return on all zero-beta assets and in particular a NQ.o-,U.nﬂm
portfolio consisting only of common stocks must be the same, namely the risk-
free rate if such an asset exists’ (pp. 22-23, italics theirs). .

Blume and Friend have been quoted here at some length because their M.,ﬁ:o_@
illustrates the confusion that can arise from an insufficient understanding of
efficient set mathematics. Some of their statements might very Eo: be true;
for example, that a riskless asset exists and that ‘the zero-beta mOnmo:o consist-
ing only of commeon stocks would not be the zero-beta portfolio [of En, global
market]’. This last phrase might have led them to a correct =u&9..mﬁ_mba8m, for
they seemed to be considering two ‘market’ portfolios, one .nosmasnm only of
equities and one consisting of all assets in existence. Their mistake was brought
about by concluding that two such distinet ‘market’ proxy portfolios would be
associated with zero-beta (or orthogonal) portfoiios having the same mean
return and that this return must be equal to the riskless rate of interest. That
conclusion is false. For example, suppose we consider the possibility that @oﬁ.w the
equities-only portfolic and the global all-assets portfolio are both mean-variance
efficient, If these two portfolios had different mean returns and are not nﬂ?o&
correlated, then the mean returns of their associated zero-beta portfolios must
differ. Of course, if the Sharpe-Lintner hypothesis is valid, the global market
portfolio’s associated zero-beta portfolic would have an expected return a@:&
to the riskless interest rate. This would imply nothing whatever m@o.ﬁ 5.0 equi-
ties-only zero-beta portfolio, the one actually used by Blume and Friend in their
tests.

Blume and Friend conclude with some statements that illustrate the am:mﬂm
of ad hoc theorizing. Their results supposedly (1) ‘indicate a negative differential
between the required rates of return on high-grade corporate Goca.w and on
stock on a risk-adjusted basis’, and (2) indicate that the supposed differential
*. .. 1is consistent either with segmentation of markets, inadequacies of the returs
generating model used in this paper,'® or a deficient short m&mm Bmormhama,
(p. 32). Since corporate bonds were not included in the empirical .é.olﬁ the
first statement must be due to the observation that 94 was not zero, i.e., that the

15Their argument is a bit clouded by being couched in the framework of the ‘return generat-
ing process’, but the inference above is indeed there.

15The generating model corresponds o Black’s theory.

17A brief mention of bonds was contained in their note 24, page 31.
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measured zero-beta return exceeded significantly the measured riskless return.
This observation is perfectly consistent with non-segmented markets, with the
Black modei or the Sharpe-Lintner model, and with perfect short selling oppor-
tunities; in other words, with the precisely opposite set of circumstances to those
postulated in their second statement.

One page earlier, Blume and Friend assert that *. . . the observed risk-return
tradeoff would certainly have been highly non-linear in all periads’ if corporate
bonds had been °. .. included in the analysis’ (p. 31). The evidence offered to
support this is that corporate bonds indexes have measured betas close to ZETO,
a fact that has no relevance for iinearity.

if bonds had been included in the analysis, they might have been included in a
new “market’ proxy and a new observed efficient set would have been obtained.
The resulting linearity, or lack thereof, would have been completely dependent
on the ex-post efficiency of this new market portfolio. If bonds were not made
part of the market portfolio proxy, the risk-return tradeoff would still have been
linear, including the bonds’ returns and betas, unless the market PIOXy was
significantly not ex-post mean-variance efficient. If it was significantly not
efficient, there was no justification for its use as a proxy.

Blume and Friend conclude from their analysis: ‘. . . Even without allowing
for the tax advantages of debt financing, the cost of bond financing may have
been substantially smaller than the risk-adjusted cost of stock financing and
probably smaller than the risk-adjusted cost of internal financing’ (pp. 31-32).
We suddenly encounter a conclusicn about an important economic quantity
(internal financing) upon literally its first and only mention in the entire ‘paper,
and we are told that is dearer than bond financing on a risk-adjusted basis,
Stll reeling, we come to the final paragraph and its assessment that *. . | in the
current state of testing of the capital asset theory, the evidence points to seg-
mentation of markets as between stocks and bonds, even though there are few
legal restrictions which would have this effect’ (p. 32)!

In summarizing all these empirical exercises about the Sharpe-Lintner theory,
one is obliged to conclude that not a single paper contains a valid test of the
theory. Tn fact, as Fama (1976, ch. 9) has recently concluded, there has been no
unambiguous test of this theory in the published literature. Furthermore, it is
easy to sec that the prospect is dim for the ultimate achievement of such a test,
We can well imagine that the critical issue of contention will always be the
identity of the true market portfolio, Some portfolio wiil always vceupy the
Sharpe-Lintner tangency position; but whether the position will be occupied
by a value-weighted average of all the assets in existence seems to be a difficult
question.

In summarizing the three major papers in a broader context, two of them
contained a formal test of efficiency for the market portfolio proxy. This test
was the explicit inclusion of non-linear beta terms in the cross-sectional risk-
return relation. Both Fama and MacBeth and Blume and Friend concluded
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that the non-linear terms were insignificantly different from zero. What does this
tell us about the major hypothesis (H.2) of generalized asset pricing theory?
In so far as we are ignorant of how close their proxy market portfolios were to
the real thing, it tells us nothing at all. On the other hand, if we are willing to
assume a close approximation between real and proxy markets, then the test
results do not reject the basic hypothesis that the true market portfolio is efficient.
(I shall argue in the next section, however, that such a ‘good’ approximation
should be confronted with a strong dose of scepticism.)

Black, Jensen, and Scholes did not present a formal test of the linearity rela-
tion and thus gave no formal evidence about their proxy's eficiency. [fensen
(1972a, 1972b) did do this with the same data, however.] Their other stated test,
of the Sharpe-Lintner theory, is certainly open to question since no information
was provided about the proxy market’s relation to the Sharpe-Lintner tangency.
(In fact, we know there was a difference between the ex-post Sharpe-Lintner
tangency portfolio and Black, Jensen, and Scholes’ ‘market’. See above.)
Therefore, for the Black, Jensen, Scholes paper taken in isolation from Jensen’s
addition, no hypothesis whatever was tested unambiguously.

3. Measuring the market and testing the theories

3.1, The Sharpe-Lintner case

As mentioned earlier in connection with Black, Jensen, and Scholes’ con-
clusions, there has been in the literature some consideration of miis-measuring
the market portfolio. Black, Jensen, and Scholes thought that a mis-specified
market would cause a bias in the cross-sectional risk-return intercept from the
Sharpe-Lintner predicticn, but that the intercept would be intertemporally
constant. But as we have seen, an incorrect market portfolio can cause both
a bias and vartation of the intercept over time, even when the Sharpe-Lintner
theory is the true state of nature.

Mayers (1973) also considered the question of omitted (and non-marketable)
assets and reached a similar conclusion with respect to the empirical implica-
tions: *. . . the primary testable propositions of the extended [Mayers] model are
the linearity of the risk-expected return relationships ... and the implication
that no other variables . .. should be systematically related to expected return’
IMayers (1973, p. 266}].

These conclusions about the empirical implications of Mayers” model are very
interesting for the following reason (among others): his derived risk coefficient,
though denoted by the symbol ‘8, is not the simple regression slope coefficient
of the other models. For a given marketable asset, Mayers’ beta depends on that
marketable asset’s return covariance with aggregate non-marketable assets’
returns. This implies that a mean-variance efficient marketable portfolio for one
investor need not necessarily be mean-variance efficient for another; and thus,
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there is no longer a mathematical equivalence between mean-variance efficiency
and beta/expected return linearity.

Itis not clear whether this makes the Mayers model more or less easily testable

The problem of non-identifiability of the market portfolio (in this case, of a:.“
SEWoBEm market portfolio) is still present since its return also mw@mmmw in
Mayers' linearity relation. In addition, there is a new problem in measuring the
return to aggregate nonmarketable capital. On the other hand, if these measure-
ment problems were resolved, the Mayers model may be more easily testable
because the linearity relation is more structured — it requires a particular relation
between marketablc and non-marketable aggregate portfolio returns, Further-
more, the testability of this structure doss not seem to be hindered by a mathe-
matical equivalence to the mean-variance efficiency of either portfolio.
. w.aﬁ:B_.:m now to the simpler Sharpe-Lintner theory, despite the overwhelm-
ing importance for testing of measuring the market returg Droperly, references
to ﬁ.ro consequences of doing it improperly are rather rare, In a typical reference
Petit and Westerfield simply say that the market . . . is commonly measured by mw
stock market index. such as the Fisher Link Relative Index or the Standard and
Poor’s 500. . ." (p. 581), and they pick yet a third proxy for their own calculations
(the Fisher Combination Investment Performance Index). Blume and Friend
also use this latter index and make no mention of its being only a proxy. Curious-
1y, me do mention that the all-equities ‘zero-beta’ portfolio may be only an
approximation (p. 23), but, as already noted, they draw an incorrect inference
from this fact and they make no reference to the one-to-one relation between an
error in the market proxy and an error in the zero-beta proxy.

Fama and MacBeth used ‘Fisher’s Arithmetic Index, an equally weighted
.méawm.m of all stocks listed on the New York Stock Exchange’ (p. 614). This
index is not even close to a value-weighted index and should never be suggested
as a market proxy. But Fama and MacBeth make no mention of possible error
in the proxy’s measurement, despite the fact that their paper comes closest to a
mw.ﬂmammo exploitation of the efficient set mathematics and its implications.
Given Fama’s more recent statements (1976), it is safe to say.that he would not
choose this index again.

.Oba analysis of mis-measurement of the market portfolio was presented by
.?\c:nn and Scholes (1972, pp. 63-66). They report an experiment which had an
important influence on the research of others. It is often mentioned in conversa-
tions and sometimes in print. For example, in his review article, Jensen (1972a)
states that Miller and Scholes “. . . conclude that the Improper measurement of the
market portfolio returns does notseem to be causing m:cmﬁmuamgaw_mam.@. 363).

Miller and Scholes studied the following problem: Suppose that individual
returns are generated by a process containing a ‘true’ market index, m*,

mu. = _&mmiar_:uw? G_v

where f; is constant and 7i; is a random variable with zero mean.
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Suppose also that only a proxy index, m, is identifiable and that its returns
satisfy the same equation,

ME = Rimq_alml&a_. mmv

Miller and Scholes then ask the question, what would be the large sample value
of 9, in a cross-sectional model of the form

Ry =70 +me+m¢.u - &)

where R, is the time-series sample mean of R, b; is the simple least-squares
time-series regression slope coeflicient of the individual return R, on the proxy

market, B, and # is the estimated residual. They show under guite penesal
conditions that §, will be asymptotic o

EEMR»TMAWE U.D\fmmxiu .%S.VM.

The term in brackets contains two squared OOHamHm:o.HH oonﬂo_.muﬁw“ a Cross-
sectional one between true mu_am estimated beta and a time-series one between
xy market return.
:JMHHM% MMM Wowo_am went on to an empirical analysis. Having first estimated the
cross-sectional model (9) using an all-equities proxy for the Bm%m.r they re-
estimated {9) with a 25%, bond index and then with a 50% bond index. The
coefficients 4, ¢ . . were virtually unchanged . .. (p. 66) in the three cases. They
state that empirically ‘. .. the correlation between Em old m.na new E&axow Emm
very cose to one’ (p. 66), i.e., that *?(R,, R,») = | if R, is taken as the ‘old
index. Also, the old and new ‘ccefficients of risk’ were almost perfectly ooﬁmwm.ﬁmau
#2(b,, B;) =~ 1. This implied that the old and new estimates .0». 71 Were proporticn-
al by the factor f,, which is the beta of the new proxy index with respect to
AV,
EMNMM_NMOM” if the market prexy is perfectly correlated with the Q.Eo market,
the resulting cross-sectional model would w.mm.._a a §, exactly proportional to the
y, computed by using the true market. It is easy to see, therefore, that the
Sharpe-Lintner basic hypothesis (H.4) would be supported by the data, and by

this test procedure, if it were true.*”

The key to understanding the nature and significance of this conclusion is the

18Note that the yo would be intertemporally constant in Em Z:_m_,\mmcommm m.nmana.coﬁw..
“Thus, their model is consistent with the Black, Jensen, mowo_mm. interpretation of 75, which is
::mmm_m%nm in the case of a mis-measured market proxy vowio.ro.

1925 simple way to see this ig as follows: Suppose the returns in (7} and (8) are excess returns,

that #, = 0, and that the Sharpe-Lintner (H.4) is valid. Then the cross-sectional model (9)

would ,.;m_a the asymptotic result, fo = 0and §; = R, where R, is the market proxy excess

mean return. Then it would appear from the data that the market proxy is efficient and equal
to the Sharpe-Lintner tangent portfolio.
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perfect correlation between the proxy and the true market. Of course, if such a
perfect correlation were the state of nature (and everyone knew it), the mean-
standard deviation efficient frontier would be a iine composed of various com-
binations of the proxy and true markets. This alone implies the existence of a
riskless return, one particular finear combination, and it also implies an infinity
of Sharpe-Lintner tangent portfolios, any one of which would support (H.4)
in the cross-sectional tests.

Since the mere presence of perfect correlation between the true and proxy
markets implies the Sharpe-Lintner result, how are the Miller-Scholes resuits
to be reconciled with the results of Black, Jensen, and Scheles, Blume and Friend
and Fama and MacBeth, all of whom rejected the Sharpe-Lintner theory,
Miller and Scholes actually anticipated an econometric reconciliation which
will be discussed in detail in the next section. There exist other explanations and
one very simple possibility will be discussed next.

Actually, Miller and Scholes (and others)*” only found almost perfect cor-
relation between two proxy market portfolios. The demonstration of such a
correlation for the true market was beyond their (and is beyond our) econometric
ingenuity for the simple reason that the true market portfolio is unknown.
This suggests a reconciliation of the body of empirical results based on either
(a) the true market is not perfectly correlated with the measured proxies, or
(B) perfect correlation only exists among inefficient portfolios. Explanation
{b} is inconsistent with equilibrium unless there are restrictions on short-selling.
Even if there were such restrictions, however, the computation of sample betas
with an inefficient portfolio would give an asymptotically (time-series-wise)
not exactly-linear mean return beta relation. It would therefore seem unlikely
that this particular explanation has much validity.

To understand explanation {(a), we need to know the effect of market Proxy
correlation on the deviation between the Sharpe-Lintner implications and the
observed results. For example, referring again to fig. 1, where m* is the true
market portfolio and m is the proxy, what is the relation between the distance
r.—rp on the one hand and the correlation between 7. and 7, on the other
hand? From the geometry alone, we observe that this must depend upon the
curvature of the risky efficient set and on its distance from the return axis.
It also must depend on the absolute and relative positions of m and m*. If both
are located fur out on the positive segment of the efficient frontier, they miglit be
nearly perfectly correlated and yet imply a large and significant difference be-
tween the returns rp and r, on their orthogonal portfolios.

Some simple numerical examples may serve to illustrate the possible magni-
tudes involved. There are two hypothetical states of nature contained in the
two exampies in table 1. The numbers are not just made up, however. Those

*PSee, for example, Fisher (1966). Table 4.5 (p. 81) of Lorie and Brealey (1972), gives cor-
relation coefTicients for five commonly-used indexes, for data from the mid-20’s to the mid-60's,
ranging between 0.906 and (.985.



152 R. Roll, Critigue of asset pricing theory tests — I

in the ‘Given’ panel come directly from Black, Jensen, and Scholes’ tables 5 and
7 (1972) - for Example 1 - and from Morgan’s table 3 (1975) - for Example 2.
Example 1 contains ex-post results caleulated from monthiy returns for 1931-65.
Example 2 also contains ex-post numbers but for 5-day intervals from July Gmm
through December 1972.2! Only the 3.0 riskless interest rate in Example 2is a

Table 1
Examples of the ex-post risky efficient set and of sample correlation among efficient portfolios.

Numerical values (%/annum)

Example 1 Example 2

Quantity Symbol (BJS results) {(Morgan results)
Given:
Riskless return re 1.929 3.0
Market proxy return Fou

Mﬁmsn g 18.96 15.54

Standard deviation 106.9 161.4
Return on market proxy’s efficient

thogonal portfolio r
o_.gmwm ; 5.976 4.067

Standard deviation 51.10 52.14
Implied by the apove:

lobal minimum variance portfolio re
Q%hmﬂnn: ~ 8.392 6.469

Standard deviation 46.10 3312

h -Lintner tangent portfolio Fon
5 M\MMMD ¢ 12.34 12,75

Standard deviation 58.49 77.74
Correlation coeflicient between market

? d ret on S-L tangent

proxy’s return and return g 0.8952 0.9860

portfolio 7

pure assumption. The source paper provided no measure of the riskless return
and 3 percent was chosen as a teasonable but conservative figure for the ﬁm:.om.

Given one additional and strong assumption, estimates for the global mini-
mum variance and Sharpe-Lintner tangent portfolios are implied by the riskless
return, the market proxy and the market proxy’s orthogonal (zero-beta) efficient

*!The BJS and Morgan numbers have been made compatable by using suitable annualisation
multipliers. The BJS numbers were multiplied by 1200 and the Kop.mmn.mcagwm by 36500/7.
Morgan gave several different measiires of m and . m.cmna the numbers in Gn first column of
his table 3, p. 371, and the first of each pair. To obtain the standard deviation of the market
proxy, I assumed that his ‘risk premium: mean/std. error’ was compuied as

[lrm=rd &/ 5220/ (@2 + 0m?), 522 = sample size.
I am indebted to him for private correspendence that certified the validity of this assumption,

%
k
ﬂm
i
F

g ..
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portfolio that were provided in the source papers. The crucial assumption is that
the market Proxy and its associated zero-beta portfolio are actually located
on the ex-post efficient frontier.?2 If m and z are both efficient, the variance of
each one is related to its mean by the efficient set quadratic equation, {A.11)
of the appendix, which contains the three ‘efficient set constants’, g, b and o.
In addition, since m and z were orthegonal by construction, their means are
related by a third expression (A.15) which is the general equation relating the
mean returns of orthogonal efficient poertfelios. Since this expression also con-
tains the efficient set constants, there results a non-linear system of three equa-
tions in the three unknowns, a, b and . Usually, as in the case of our examples
here, the system has a unique solution, Once the three efficient set constants are
determined, all the other Information of table 1 is computable in a straight-
forward way. The Sharpe-Lintner tangent portfolio’s return requires addition-
ally that the riskless interest rate be assigned a value,

return of 12.3 (percent per annum) from 1931-65 and that its €X-post correlation
with their market PTOXy was on the order of 90 percent, Notice that the tangent
return was only 65 percent of the market proxy return, despite the significant
correlation. Also note that the Black, Jensen, and Scholes zero-beta proxy re-
turned 5.976 (percent per annum) on average. As mentioned previously, this
finding was used by them to deny the validity of Sharpe-Lintner theory (because
3.976 was significantly greater than 1.920, the estimated riskless return).

There is a possible way to examine the validity of their conclusion. Using
the same data, a different consistency check of the Sharpe-Lintner model would
involve the individual asset investment proportions in the observed tangency
portfolio. If any of these were significantly negative, the tangency portfolio
would not satisfy the qualities of a market portfolio, which must have positive
investments in all assers. 23 The suggested exercise (it has not yet been done by
atyone, to my knowledge), has been termed a ‘consistency check’ rather than
4 ‘test’ of the Sharpe-Lintner theory because of the many assets omitted from
the Black, Jensen, and Scholes sample. The cmission of even a single asset
¢an in principle cause an observed tangency portfolio to alter in composition

*2There are several reasons why this is a strong assumption and why the results of table 1
should only be considered as examples, In both the Black, Jensen, Scholes and the Morgan
papers, the samples consisted only of equities. Thus, it is very unlikely that the market Proxy
was exactly mean-variance efficient, Even if the samples had included all assets, the zero-betg
measured portfolios were probably not precisely on the €X-post mean-variance boundary
because the full covariance matrix was never inverted to find the efficient set constants. For
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from totally positive to some negative proportions. {The alteration 15 m.ﬁ merely
an allocation of the former weight of the omitted asset to the remaining m.mmﬁ.m
because the entire efficient set can change.)} ZQ\QSQH%._ Em. calculation ,.eo.Ea
be worthwhile because it would at least provide an insight into H.WE ﬁo.mm:um.:%
of incorrect inferences arising from market proxy uﬁ.%o:o misspecification
within the Black, Jensen, and Scholes universe of securities. Gnmo:cswﬁmg Hmo
calculation cannot be reported here because it requires the full sample covariance
matrix and the sample mean return vector of individuai assets. These are not
i / pOssession. 5
" %Mn w.moﬁmms data, which cover a later period than the Black, Jensen, mwawm%wamm
data, imply an even higher correlation wmgmam the marketproxy and the w%nm
Lintner ex-post tangency portfolios. This is due @.mm:w to a lower mean return oa
the market proxy and partly to a larger Pﬁ:ﬁ& M_mEamm return sHEnr has Hn.m“mmam
the tangent portfolio to lie closer to the proxy.** However, the same @cum atsv
conclusions obtain: Efficient portfolios are highly .ooﬁﬂﬂma and the m arpe-
Lintner thecry is consistent with the data and a mis-specified market mdex. .
Recall that all efficient portfolios on the ﬁom::.,.&%‘.&o@ma mmmﬂmnﬁ. are posi-
tively correlated. It is alsc true that the noﬂﬂm:o:. increases with increasing
mean returns of the two portfolios in question (holding constant the Q.&damnan
between their means). In the two numerical examples of table 1, for _wmﬁm%nm.
all efficient portfolios with returns between 14 and 49 percent for m.xmzwu e
and with returns between 12 and 36 percent MOH mxmnww_n 2 had squared cor-
ions with the market proxy greater than 90 percent. .
Hm%w@ implications of this are clear: Any Eﬁo.&nmmmu such as mwmﬂwolamuﬁgn.b
that makes a specific prediction about the position .Om H?.w market portfolio, is
likely to be highly susceptible to a type IT error - vnE.m Hm_noﬂng.érmu it is true.
Im:mm:nm:u\w a small error in measuring the market’s composition omu_ om,cwn
an error in testing the theory. The market proxy may be almost periectly mcﬂ-
related with the true market and yet a significant difference can emerge cmgmmun
the proxy zero-beta return and the true zero-beta return (or the riskless return).

3.2. The generalized usset pricing theory case

For testing the Sharpe-Lintner hypothesis (H.4), the Em::nmg_:@ nm. m%
market portfolio is a serious problem. an the more mmmmnm._ asset H,.u:Q:m : wnwwﬁ
thesis (H.2), it is perhaps even a more serious EoEwB. For __,E.éw.so@wmn.,m e
get an idea of the consequences of a mis-specified market woiwo:Om M.Smmz @.M
that the proxy market is efficient. Then, .Eo ex-post tangent womﬁ olio ca 0
calculated as in the above exampies and its return and reasonableness can

ion 1 ion of 2%
24The effect of the riskless rate assumption is easy fo assess. For an assumption Va

() g p i Y

r [+ elation betwee _AW ITOXY a 10 WO

ather than 3 \\u O o t 1 mar 1d tangent povtfol uld have been
0.9587. TFo m‘\\ov the correlation would have been 0.9999 us a Cot siderable rapge of assur P-

tions for the riskless rate would have given the same general impression.
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judged against external criteria. For example, it might have been expected that
the true market portfolio had less variance and less return than the Black,
Jensen, and Scholes and the Morgan all-equities proxies, perhaps because equi-
ties are more variable than the average asset. Or, if the all-equities proxies had
been combined with bonds, human capital, and real estate in reasonable pro-
portions, the resulting mixture might have been closer to the observed tangent
portfolio. Naturally, such possibilities are mere conjectures: They are not test-
able hypotheses, again for the simple reason that the true market pertfolio has
an unknown composition.

For the more general hypothesis (H.2), such judgements based on common-
sense interpretation of the results are likely to be unavailable. (H.2) merely
requires that the true market be somewhere on the positively-sloped ssgment of
the mean-variance efficient frontier. For relatively small (time-series) sample
sizes, this hypothesis is highly susceptible to a type 1 error, being acceptable
when it is faise; but as the number of time-series observations increases, the
hypothesis will almost surely be rejected, even when it is true. To see why, first
consider the fact that the true market portfolio has a positive proportion invested
in every individual asset. This implies that every reasonable candidate for the
market proxy must have totally positive investment proportions, In many cases,
in fact, the investment proportions are either the positive constant I/ for the
included assets (and zero for excluded assets), or the proportions display little
cross-sectional variation. We know, therefore, that all such candidates for the
proxy market portfolio mustlie in a relatively small region of the mean-variance
space.

Suppose, for example, that the true eficient set is given by the curve labeled
7" in fig. 2. In this particular example, efficient portfolios between 4 and B8
are assumed to have totally positive investment proportions. As shown in the
appendix, Theorem 3, an efficient set like I, whose global minimum variance
portfolio has tetally positive invesiment proportions, will occur if the variance
of every individual asset exceeds its covariances with all other individual assets
{if o > a; for all j # i). Above the point 4 and below the point B, at feast
one asset has negative investment proportions. Suppose the asset that leaves the
efficient set at point 4 is indexed /. Then the curve 7. ; would be the efficient set
if / did not exist. 7 and I..; are tangent at a single point at most. (There might
have been no finite tangency because J might have had a positive or a negative
weight in ail portfolios on 1.)** But since the weight is assumed negative above
A and positive below A4, it must be zero at 4. Since it is zero everywhere on I_,,
A must be a tangency, (fand 7_ j obviously cannot cross since they are minima.)

*3The curve I, with one omitted asset, is offered as an expositional example. In general,
there will be more than one omitted asset from any empirical sample and so there will be no
common point between the true efficient frontier and the sample efficient frontier, except in an
unusual circumstance (the unusual circumstance being that af! omitted assets have their zero
Hvestrent proportions at a common point on the true efficient set).
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If (H.2} is true, the true market portfolio must lie on the boundary I between
A and B, say at m*, If m is chosen as the market proxy, all empirical tests will
support (H.2) because the proxy m does indeed lie on the reduced efficient
boundary 7_; which lacks asset j. Although proxy portfolic m is inefficient
globaily (since it lies below 1), this fact will not be detectable by any test using

the reduced subset without j.

Mean

Return N

Variance

Fig. 2, Totally positive portfolios and the efficient boundary.

Thus (H.2) will be supported correctly, but for the wrong reason. On the other
hand, suppose that the true market is really inefficient and lies within 7 at the
point labelled p. Then the same exact test with market proxy m will support (H.2)
incorrectly. In fact, it seems that this is the greatest danger. For any subset of
assets, there exists an ‘efficient frontier’ whose constituent portfolios will
satisfy all empirical tests of (H.2). As long as the investment proportions in the
subset of assets are totally positive somewhere along this reduced boundary,
a ‘reasonable’ market proxy will be available and it will support (H.2) since it

will be subset efficient.
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Ou the ngmn hand, the geomelry makes evident that g type I error _.m, also
quite possible. Suppose that portfolio g has been chosen as the market Proxy
and that (H.2) is true and that m* is truly efficient and lies on 7. In this case a
large sample will almost surely reject (H.2) since the Proxy does not even rm
on the reduced efficient set {_;. Note that this will occur even when the proxy is
highly correlated with the true market m* and is also highly correlated with a
Proxy which is subset efficient.

The empirical situation is aggravated by this likelthood of high correlation
wﬂénm: the wEm market and the proxy, whether (H.2) is true or false. Such a
.Em: coerrelation w.m bound to make it seem that the exact identity of the market

r
=23
Hu

where Bis an (¥ x 2) matrix of constants that depend oaly on the mean returns
and sample noﬁzmun& of the & individual assets, and r is the mean return of

.
X = B ums and X, = B{ ).

Then if there is a single element that is significantly negative in both X_. and
KXoaw (H.2) is false. This follows because every totally positive ﬁonwoﬂ._m lies
between Timin and r.,.. Thus, if all efficient portfolios in this interval have one
or more si gnificantly negative investment proportions, there is no totally positive
me:..énmunm efficient portfolio, Unfortunately, this “test’ is only valid in
principle. The full covariance matrix of all individual assets is required to
compute the matrix 8. F urthermore, the sampling variation of B would generally
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be unknown. Finally, the cost of collecting data for every existing asset would
be prohibitive. .

In summary of this section, the sole viable hypothesis of mmmmamw_mma mmmﬂ
pricing theory is ({1.2) - the true market portfolio is nx..mm.zn mmw..ﬁuﬁ This
hypothesis offers a non-trivial challenge to our econometric ingenuity mma.ﬁ:@
challenge has not yet been satisfactorily met. The mﬂoEwB can be m:BBm:.mmm
by noting that in a given sample there are m?.m%.m portfolios which de not reject
(H.2) and that little external information is available on Fm true Em.awﬂ port-
folio’s exact composition. Furthermore, even a small Ba'm@noﬁnmsob of the
proxy’s composition can lead to the wreng nonn_zmﬁn. .éwﬁ might seem a
trivial mis-specification in an ordinary statistical application can be of crucial
importance for testing (H.2).

Appendix

; .26
The efficient set mathematics

The efficient set (or efficient portfolio frontier) is composed of @onmo:o.m with
minimum variance at each possible level of mean return. mw-.mdﬁw Variances
and mean retdras of individual assets must be estimated or mcEm.QEmE deter-
mined. The ex-post efficient set is a sample statistic, the set of minimum sample
variance portfolios. .

Given the characteristics of individual assets, a portfolio is completely charac-
terized by the proportions invested in its constituent securities,

X, = {xyl

where x;, is the proportion of portfolio p invested in asset /, and X, is a vector
subject to the constraint

Xp=1, (AL

| denoting the unit vector. When speaking of a single portfolio, we will suppress
the subscript p on the vector X.
The parameters of the efficient set problem are the mean retura vector of

individual assets,
R = ||},

26 A5 mentioned in the text, most of the Hmm::.w in this mnug‘&x have appeared wﬂoﬁocmq.
See particularly Merton (1972), which is the original full m.:m_w.to treatment of the efficient set
mathematics. Szegd (1975) seems to be the oaly oﬁmw relatively complete treatment but Sharpe
(1970, Black (1972} and Fama (1976) also contain many of the same results. I have made no

attempt to ascribe originality.
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and the covariance matrix of individual returns, )
_ |
V= |loyl

These can be either population values or they can be sample product moments.
The mathematics that follows does not require a distinction, merely a set of
numbers R and V. Any portfolio’s mean and variance are given by

r = X'R, (a2)
o = X'VX. {A.3)
Similarly, the covariance of any two arbitrary portfolios (say p; and p,) is given
by
Opipe = X VA, (A.4)

Necessary and sufficient condition for a portfolio to be efficient

The efficient set is found by minimizing QW subject tc the two constraints
(A.1) and (A.2). The Lagrangian is

L= XVX-2(XRr)— (X 1-1),

where 4y and A, are undetermined multipliers. The first extremum conditions
are the vector

VX = 30.R+ 40, (A.5)

plus the constraints (A.1) and (A.2).
If the joint distribution of individual returns is non-degenerate, the covariance
matrix is positive definite (and non-singular), and all efficient portfolios satisfy

Nuwwl%c\m. $.@
Az
Non-degeneracy simply implies that no two distinct linear combinations of
assets are perfectly correlated and that no asset has zero variance. We shall see
later how to find the efficient set when this condition is not satisfied. When the
probability distribution is non-degenerate, the second-order conditions for a
minimum are satisfied because the covariance matrix is positive definite.

The equation of the efficient set

Different efficient portfolios are determined by different values of the multi-
pliers in eq. (A.6). The resuit can be written in a more intuitive way, however,
as shown in the following:

JFE~ B
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Theorem 1. If no linear combination of assets has zero variance and at least
two assets have different mean returns, the invesiment proportions of a mean-

7 . f g ] ‘e git ; vector
variance efficient portfalio whose mean return is v, are given by the

an¢§@ﬁhw, (A7)

where the (2 x 2) matrix A is defined as

(A.8)

4= Ry V(R

il

Proof. 'The assumptions in the ‘if” clause guarantee that ¥ is positive Qom.:.:m
and that (R 1) has rank two. This implies that 4 is non-singular and positive

definite. Then pre-multiplying eq. (A.6) by (R 1)’ gives

1) -a @y x,

and by using constraints (A.1) and (A.2), this simplifies to

Ay ~1{fp
=4 .
‘W M‘N H

Substitution for 4(31) in eq. (A.6) then gives eq. (A.7). Q.E.D.
The matrix A is the fundamental matrix of information about the basic data
contained in the means and covariances of individual assets. As we shall see,

the elements of 4 contain sufficient information to prove all the W.Bv.onmzﬁ
results of the efficient set mathematics. Since 4 is 2x 2 and symmetric, it con-

tains only three distinct constants.

Definition
a=RV™R, b=RV™Y, e=1V"], (A.9)

are the ‘efficient set constants’ contained in the matrix

For exampie:
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Corollary 1. The variance of any mean-variance efficient portfolio is related to
its mean by the parabola

&nScﬁhwu (A.10)

which can be written in scalar notation as
ok = ﬁalmmww.ﬁinwwv\mnnlwd. (A.lD)
Proof.  The efficient investment proportions given by eq. (A.7) can be used in

the gereral formula for a portfolio’s variance, (A.3), to give

a

It

(ra DAY Ry V1 FE—Y R c\»‘l_oﬁ_ 1y

2
P

fi

(r, D41 Ad™(r, 1) Q.E.D.

The minimum variance portfolio

One portfolio of special interest is the global minimum variance portfolio.
Its mean and variance are found easily from the minimum of eq. (A.10).

Corollary 2. The global minimum variance is

od = lje. (A.12)
The portfolio with this variance has mean return

ro = ble, (A.13)
and its investment proportions are given by

X, = Ve (A.14)

1t is positively correlated with all portfolios and assets and its covariance with all
individual assets and all portfolios is a fixed constant, ot which is its own variance.

Proof. Eq. (A.13) is obtained from the zero of the first derivative of eq.
(A.11), !

0= —b—cr,.
This gives a minimum if the second derivative of eq. (A, ] 1,

2¢f(ac—b?),
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is positive. From eq. (A.9), we note that ¢ must be positive since it is a quadratic
form of the positive definite matrix 771, The denominator is positive because
it is the determinant of A which is also positive definite.

Eq. (A.12) is obtained by substituting eq. (A.13) in the general formula for
the variance of efficient portfolios, (A.11). Similarly, substituting eq. (A.13)

into eq. (A.7) gives

X, = VIR Y) Mwlw @Mﬁ \_\373
0
=}l
(R1) e
= Ve

which is eq. (A.14).
The last statement about the covariance of the minimum-variance portfolic

is obtained as foliows: Let X, be any arbitrary vector of investment proportions.
Then the covariance between this portfolio, j, and the global minimum variance

portfolio is

00 = XV Xy = Xjtfe = 1/e. Q.E.D.

Heuristically, the minimum variance portfolio must be positively correlated
with all other portfolios. If it were not, a further combination would result in
another portfolio whose variance was even smaller. A heuristic reason for the
constancy of the covariance is more subtle; but consider the following: Find the
minimum variance pertfolic that could be obtained from any arbitrary pair
of assets. It can be verified readily that this minimum coincides with one or the
other assets if and only if their covariance equals one of their variances. The same
thing is true when one of this arbitrary pair is the global minimum variance
portfolio. Since it is indeed the minimum, its variance must equal the arbitrary
covariance (which is thus seen to be constant and independent of the second

asset).

Efficient portfolios and correlation

Corollary 3. For every efficient portfolio except the global minimum variance
portfolio there exists a unique orthogonal efficient portfolio with finite mean.
If the first efficient portfolio has mean rp, its orthoganal portfolio has mean r,

given by

F;= mh'@ﬁhu\ﬂ@.ﬁnﬂhv. A»}.HMV
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L‘ 24 _:wum._ ore .MQD .\: .~ _B‘n_ = ﬁ m m.“_m
3 Frrelio z D.N._.ta.vrm M__.m..w on H\Hm. e os5iie }:Q mﬁ. Segient of t e ejlicient
.Mmmy\‘.m Hnun N.\xm\._mwﬁ.m. -\-\

Froof. By using eq. {A.7) in A4
: M eq. (A.4), we can obtain the covari n
i : . ’ aria W
any arbitrary pair of efficient portfolios, say betwee mH ce between

o = (1) 47 (7).
o ! (A.16)

If p and g are ortho i : .
gonal, this cova ; .
the equation riapee 1s zero. Thus, putting ¢ = z gives

c—b\ /r
¥ F
ﬁ z mv - a 1 = Ou
mew SW_MUH,B. {A.15) follows E.wwnnw. [Note that the determinant of 4 has been
%rwwnmo MoE @m.m@i@; Urniqueness is obvious from eqs. (A.7} and (A.15)
loohesec nd part o the no_‘o.:mn« follows by noting that if 7, ison Em.nan:..ﬁH .
ped e ,Q.mE set segment, its return must be smaller than the ret .
global HWHEBzB variance portfolio, ie., r, < bfe. Then from oy
?Iwﬁ&.@lﬁ% < bje. If the return on r, also satisfied ». < 4/ ﬁm%. P
would be positive and we would have i ’ o e b= e,

a—br, < (bfc)(b~cr,),

or g b2/ . . . .
HMoanw \M < mﬁ wwﬂ Since ¢ 1s positive, this is a contradiction because ae— 52 is
zed as the determinant of 4, which is iti .
de , positive, Thus
and be on the positively-sloped segment, QED e st enceed Bfe

The geometry of these orth S
following: orthogonal portfolios is useful, as can be seen in the

memamg 3.4. .b_ the return-variance space, the line passing  between the
.,.EM“MEM«WQW\%W ,m}au& the global minimum variance portfolio intersects the
Xis at r,. {n the return-standard deviation s
: ace, the ta {
set al r, intersects the return axis at r ress et t0 the efficient
4

Proof.  Inthe mean-variance s : .
and 0 is pace, the slope of the line connecting portfolios p

(ro—ro)l(o—ap),
and its intercept on the return axis is

rp—05 {(rp—ro)f(s~ o)}
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Substituting for r, and o from egs. C»...Huv .mum .O?.Ew. Mﬁwm%:%hwwumw MMM
expression reduces to {(br,—a)/{cr,—b) Ew:.o:. i5 1 in eq. ( .En.mamﬁ s the st
statement is proven. To prove the mmoou.a, it is easiest to use o it dervatiye
of eq. (A.11). This provides an expression _wop, H.Wo Emmgﬂ to e elficient st 1n
the mean-standard derivation space. Multiplying this tangent by o,
tracting the result from r, gives eq. (A.15). Q.E.D.

Corallary 4. All porifolios on the positively-sloped segment of the efficient
set are h\ah.:.cm@ correlated. -

FProaf. From eq. (A.16) we can see that any two efficient portfolios, p and g,
wiil be negatively correlated if and only if

a—b{r,+r}+ery, <0,
which implies that
a—br, < rfb—cr,).

iti i t,b—ecr, < 0,and thus r, < r,,
i the positively-sloped efficient segment, =y .

‘MQ Nw NMh.m wﬁromouﬁ portfolio. But z must lie on ﬂ.ro negatively-sloped
ﬁmﬂmmm from Corollary 3. Thus, g is also on the negatively-sloped segment
se ,
since its return is smaller than r_. Q.E.D.

It is easy to see by the same argument that all monmo:.om orn MMH_.M MMW%MMMMW
sloped segment are positively correlated too. _O:Q portfolios t a e sulicient!
d on opposite sides of the efficient m.nr are unm.m:ﬁw. c a

e e ME if investors do wish to minimize variance mu@ maximize expecte
MHMMMEM:&E@SE who agree on the probability distribution would hold

positively correlated portfolios.

The separation or ‘two-fund’ theorem

Corollary 5 {‘Two-Fund Theorem’). The investment proportions cmnSw. of

orolla - . topr o
every Emns-cn:.mznm efficient portfolio is a linear combination of the proportio
vectors of two other efficient portfolios whose means are different.

Proof. From eq. (A.7), the investment proportions are .mnnw Mu Wmnmwwﬂ In
the mean return. This is so because the Q,.w xB. matrix, H,EEm if w.
contains only constants (V is the number of Ea@mz& mmmwav. o v_\o, n.“. VN
and p, are efficient portfolios and « is a constant given by o« = {r; —r3)/(r; —r9),
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then

[—
=B M.w - 3 RJ.TAH 2)r,

ba
i

= aX, +(I-)X,,, Q.ED.

According to Corollary 3, if we identify two efficient portfolios, all others
can be constructed as a linear combination of these two. We might as well pick
two portfolios whose means and variances are easy to compute, One would
certamly be the global minimum varjance portfolio with mean and variance

by the sum of all elements of V1. A second easily-computable efficient port-
folio is the one with mean return r; = afb, Its variance is o = a/b” and its
investment proportions are

X, = ViR (A.17)

From Corollary 3, €q. (A.15), we observe that this portfolio’s orthogonal port-
folio has a mean of zero.?? Thus, its associated covariance vector 1s proportional

to the mean return vector. Its investment Proportions are very easy to compute
as can be seen in eq. (A7),

Relations among individual asset parameters
Corollary 6. The covariance vecior of individual assets with any portfolio can be

expressed as an exact linegr Junction of the individual mean returns vector if and
only if the portfolio is efficient,

Proof of Sufficiency. The vector of covariances between individual assets
and a particular efficient portfolio is given by VX, where X is the portfolio’s

investment proportions vector. From eq. (A.7), this implies

VX = (Ri)d™? w . (A.18)

Since 471(}") contains two constants, VX is linear in R, Q.E.D.

Although eq. (A.18) is perfectly acceptable as a result, it can be rewritten in
4 more traditional and perhaps more recognizable form. Note that the 2xD

*"1 am indebted to Eugene Fama for pointing out this fact,
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vector A 7*(}) can be simplified as

2
- cr,—b (1 a5 1
T ’ \Rhﬁlwmv = -k 2 = Fo—r.\—r ’
—br,+a ac—b*\ —r, o=z .

where z is p's orthogonzl portfolio. Substitution back into eq. (A.18) gives

.19
R =ri+(r,—1)8, (A.19)

= VX/o? is the vector of simple regression slope coefficients of E.m:;-
e on o i ‘ "). Since the covariances are linear
dual assets on efficient portfolio p (the ‘betas’). Since the ¢
in the mean return, of course the ‘befas’ are {oo.

Proof of Necessity. Let the vector of covariances with an arbitrary portfolio

 be an exact linear function of the mean returns,

VX, = o R+a,1,

where %, and «, are arbitrary constants. Then the vector X, is equal to

il

X, =,V IR+, Tl
= a,bX, +oucXo,

where X, is the vector of investment preportions m.oH mwmﬁmwyomm%omh%wﬂw”“%
Tmm eq. (A.17)], and X, is the vector of m_‘owoaoz.m for the glo ~
variance portfolio (b and ¢ are two of the three efficient mmﬁ. ooH:Mh.mb mﬂ.po vector
" Since the constraint {A.1) must apply to all such vectors, including

X, we must have
g bto,c =1
Thus X, is a weighted average of two efficient vectors X, and X, and, by
m

Corollary 3, X,, also is efficient. Q.E.D.

i i i 8
A slightly more general form of the linearity Eov%.@ omu%mﬁﬂwﬁmunnmwcwmnﬂwm
i hosen arbitrarily and that the mu
ose that portfolios 4 and B are ¢ bitraz
WMMM&ED oowmwo_.nma are computed between individual asset returns and these

two portfolios’ returns. Then:

Corollary 6.4.2%  Let vectors of multivariate regression coefficients be nE.nM-
A. ssic ;
lated between individual asset returns (as dependent variables} and the return,

28] am indebted to John B. Long, Jr. for pointing out a previous error in this corollary.
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o imperfectly-correlated porifolios A and B {as explanatory variables). Then
both mudtivariate regression coefficient vectors are exact linear functions of the
mean retirn vector if and only if A and B are efficient. Furthermore,

(a)  the coefficient vector Jor asset j on portfolio A is given by
(VX — o.mmc_mmqm ~04p) = {(R— Fa){(rq~ra), (A.20)

and similarly for portfolio B with the A and B subscripts interchanged, and
(B)  the two coefficient vectors Sum to the unit vector.

Proof of Sufficiency. It statement (a) is true, the proof of exact linearity is
identical to the proof of Corollary & because (A.20) shows that the multivariate
coeflicient vector is linear in the covariance vector VX,. Since a linear function
of a linear function is also linear, the resuit follows immediataly.

To prove parts (a) and {b), first note that the wsual muitivariate coefficient
of 4 obtained by regressing f on 4 and B would have been

2

T Ty G plF
b= o (A.21)
0|.¢Q.h|0z\mm_

But since 4 and B are mean-variance efficient, this muitivariate coeflicient can
be simplified. Noting from eq. (A.19) that ¢, = QMAJ.IWNL\_Qm!__.NL_ where z,
is B’s orthogonal portiolio, and noting aralogous expressions for J;4 and o5,
eq. (A.21) can be rewritten as

m\. . A_..k‘.i...nhvﬁﬁm'Wn@vl.mﬁ%'\umvm,ﬁw,w.nhv
! Q.xlwnLO..ml.,.umulm_wmlwnmv?mfwfv ’

or

¥i—F Ty —0
B=4 3 _ ..u_.h A5 (A22)
Ta™lp G4 —dup

This proves part (a). Since the same developrent can be made in behalf of
portfolio B, the multivariate coefficient against B must ba (ry=r)f(rg—ry) =
1—§;. This proves part (b). Q.E.D.

Proof of Necessity, Let both multivariate coefficient vectors be exact linear
functions of the mean return vector. Using the general definition (A.21) of
multivariate coefficients and the same procedure as that contained in the neces-
sity proof of Corollary 6, it can be shown that the vectors W, and W, defined
by

W, = Tﬂm h m;m.w\mu\ﬂ ~Bash
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and
Wy = (Xp—Bpa X 0/(1—Bpa)s

2
are efficient. (Here, .5 = 645/05.) o .
Adding the two equations in order to eliminate X gives

W (1= B 4g)+WeBag(1 —Fpa) = X (1 —Ppafan)-

Since the coefficients of #, and Wysumto 1 — g, 845, \.ﬁ is a linear oMBUEmw-
tion of two efficient vectors and is therefore also efficient Quw Coro EW .
An identical development proves the efficiency of vector X. Since 4 and B are

efficient, statements (a} and (b) are true. Q.E.D.

Suppose that some non-efficient bonmo:.c g has been used to omSEmﬁmu mHMMMMMH
of betas. There exists an efficient @oﬁmo.:o p that has the mmumo Bnﬂw o mHm
r. = r,, and for which eq. (A.19) is .mm:mmnm. Mﬁ the wnEm o m@w CWE are
m\w\ Ew whereas the betas estimated with portfolic g ate i = VX /o;. g
mm:wmmﬁom B, (A.19) can be rewritten as

Fa—

~ T,
.xm.ﬂnnTQ.mlﬁnv_QLﬁ G.N V‘ﬁ\.ﬂh\Nﬂ'N‘muv
q

(A.23)

here k = o2ja’. The expression (A.23) is linear in the vector ﬁ%ﬂ.& .oEw. if
i o 88 ifqi i k <2 1. This implies
1 . But if ¢ is not efficient, then .
the last term 1s a constant vector . en bis implie
tant only if r, # r,, which is a con .
that the last term can be cons » contradiction.
is i i to that used for Corollary 6; but i
s 1s actually an equivalent proof : . .
Mwwwammm that the deviations {rom a linear return-beta relation caused by using
i i i i licit display.)
flicient base portfolic are given exp : . .
mn&ﬂw meER. of eq. {A.23) is of particular interest: It 40:5 be quite possible
that a subset of the elements of X, and X, be equal; and if the Hmﬂ.:.nm and .Muommw
for this particular subset were calculated, they would ww exactly :bnqu relate
ownc taken alone. Thus the full set'of data is not continuously non-linear even
w .

i0 Is i ient.
the base portfolio is inefficien .
Ew%w reiterate, an efficient set calculated from a subset of assets will pass through

ortfolios that are inefficient globally. But mE.o@ such voa._o:om .EMH nmwn_.HMM
qu the subset, their associated subset of betas will be exactly linear in the su

of mean returns.

Corollary 7. The proportion invested in a given individual asset changes
monotonically along the efficient frontier,

Proof. By inspection from eq. (A.7). (The gradient vector of X with respect
to r, is a constant vector.}
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This corollary implies that if an individual asset represents a non-zero pro-

porticn in any efficient portiolio, it is held in a// eficient portfolios except at most

one. it is either held in positive amount or sold short in all others. N.B. Tt is

mathematically possible that some assets are positively (or negatively) rep-

resented in all efficient portfolios and even that the individual proportion is a
comstant.

The gradient vector of eq. {A.7) can be written as

OX[0ry = oV ™ (Riro—i)f(r, —ry), (A.24)
where r; and r, are means of, respectively, the special efficient portfolic |
(see Corollary 5), and of the global minimum variance portfolio. ¢2 is the global
minimam variance, The gradient vzctor of the covariance between individual
assets and efficient portfolios is (VX)/cr and thus it is also monotonic. Since
1 > ro if rq is positive, we see that as the eflicient portfolio’s return increases,
the covariance between a given asset and the portfolio increases (is zero, or
decreases) when the asset’s mean refurn is larger (equal to, or smaller) than the
return on the global minimum variance portfolio.

In contrast, the betas computed with efficient portfolios are nor monotonic,
In fact:

Corollary 7.4. To every individual asset, there corresponds a unigue pair of
orthogonal portfolios which provides the maximum and minimum betas Jor that
asset. These portfolios have returns

r=rtos, 4], (A.25)

where z, is the efficient portfolio whose return is orthogonal to the refurn of asset

J, 63 is the global minimum variance, and A4 is the efficient set information matrix
{A.8).

Proof.  The beta of any individual asset with efficient portfolio p is given by

B = (#; DA™, 1Y/al. {A.26)
Differentiating with respect to r, gives a function whose zero is a quadratic
equation in r,. Some tedious algebra simplifies the result to (A.25). (Note that
o} is 2 function of 7p.)

To prove that the maximum and minimum beta efficient portfolios are
orthogonal, simply use (A.4). Their covariance is

Q.NATNHVK&,IHAXN.IAW‘ Fv..u
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where ,
K= /\AQNQc_h_u.

In scalar notation, this reduces to
(a—2br, +crl — cKhj|4],
and since

a’ ﬁmlw?e.fnwwb\_m_ = Eﬂu\_h_.

Zi

I

the covariance is zero. Q.E.D.

. . "
An asset whose return is greater than the return on the E%HW:E Mmmmuwm M_Mé
io wi iti ith all efficient portfolios o
lio will be positively correlated wi : s of
MM ment HEmwamnm that its maximum-beta efficient m..onm.u:o will have H,QMMHH
m+a - /J4], and its minimum-beta efficient portfolio will have return eq
u.u._ 0%z * 20
to the smaller root of eq. (A.25). o e
A straightforward application of 1"Hopitals H&m to eq. m&.w@ M”M%m hat
every individual beta converges to zero as the efficient portfolio’s HM Q.m o
indefinitely large (or small). (This does not violate the Rnﬁ that AM. MH MM mmwm:\
i tions gro
i because the investment propor grov .
average beta is always one he ir one grow e
i implication, the cross-sectiona :
large in absolute value.) As an imp : . ( : ot
is MQQEMRa by the particular efficient w.oﬂmo:o used in the noB@mﬂﬁH "
When the global minimum variance portfolio is used, all betas mnm%ﬂcﬁ ow
i i i i At an infinite return, all betas con-
their cross-sectional variance 15 zero. . : :
Mww e to zero and again their cross-sectional variance is zero. Ymc.:m:wv rmnmm
Ezmﬂ exist an efficient portfolio whose associated betas have a maximum cro

sectional variation:

Corollary 7.B. The_ maximum cross-sectional variance in beta is given by
either one of the two efficient portfolios whose returns are
(A.27)
2
Fp = Fo L0 /\T:u
L. I .
here ro and o} are the mean and variance of the global minimum variance por
A—..t O . [} I3
folio and A is the efficient set information matrix (A.8).

2945 an example, for the Black, Jensen, and Scholes data ﬂ. EEM% H.MMAMMM %%waw_ MMM MWM

i ¥ market, », = 18.96 percent, wen !
e e mmmﬁ _.M,Mawmﬂmm%ﬂwz@%uﬁw 0.659 o<o.m alt efficient molwomom. memc%:.m Mwmﬂoﬂ”mamww
o oo mwzn ifs zero beta portfolio were in fact efficient.) The two e mnm ¢ wna folios
Hmﬂw.wwﬂm%wwa\.u provided these maximum and minimum betas had returns of 11.

at w

percent, respectively.
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Proef. Tt is possible to prove this resuit directly from the definition of beta,
but the algebra is tedious. A shorter proof uses the fact that all beta vectors
computed for efficient portfolios are exactly linear in the mean return vector
(see Corollary 6). From the linearity relation (A.19), we must have

B = (R-rnir,—r.), (A.28)
and the cross-sectional variance in beta is therefore
Var (8} == Var (R)/(r,~r)>. (A.29)

The cross-sectional variance of individuai retarns, Var {(R), is a constant with
respect to movements along the efficient set. Thus, Var (8) is maximized when
|r,—r.| is minimized. From Corollary 3, we note that r_ is 3 simple function of
"2 [eq. (A.15)]. The first derivative of r,—r, with respect to ¥, gives a quadratic
equation in r, whose solution is eq. (A.27). Q.E.D.

It is evident that the two portfolios which satisfy eq. (A.27) lie symmetrically
on oppositely-sloped segments of the efficient frontier. The elements of their
two associated beta vectors must therefore be equal and of opposite sign.®?
They are also orthogonal., These are the only orthogonal efficient portfolios
whose variances are equal and by Corollary 3.A, their variance is 203

The efficient ser when the minimum variance is zero

A special problem arises when the least-risky portfolio has zero variance. !
This could be caused by the existence of a riskless asset but the possibilities for
its occurrence are much broader. In general, it occurs if the covariance matrix
of returns is only positive semi-definite; that is, if there exists a vector of invest-
ment proportions Xy such that X7 Vie =0,

Since ¥ is no longer of full rank, its singularity precludes the direct calculation
of the investment proportions vector. The simpiest and most intuitive way to
find them is to proceed in two steps as follows. First, find the efficient set para-
bola for the restricted group composed of all mutually non-degenerate assets,
This means that any non-risky assets and one member of each pair of perfectly-
correlated assets must first be discarded. A ‘risky efficient set’ is constructed
from the remaining assets. For example, if the original iV assets had covariance

*°Continuing the numerical example with the Black, Jensen and Scholes data (table 1}, the
eflicient portfolios with returns 13.44 and 3.44 percent would have maximized the cross-
sectional beta variance.

**Mathematically speaking, there is nothing to preclude several zero-variance portfolios
with different mean returns. Of course rational asset pricing would preclude such an event
since in the absence of restrictions on short-selling, an infinite return could be abtained withoyt
a risk.
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matrix ¥ with rank I < N, N—L rows and columns of ¥ would be discarded
10 obtain an L x I covariance matrix, ¥, with full rank. Jr is obvious that all the
results found previously for V when it had rank N must apply to the restricted
set of I assets whose covariance matrix is V.. In particular, Theorem 1 and Corol-
laries 1-7 all apply to the reduced space of L assets. A reduced ‘risky efficient set’
can be derived; the betas calculated against portfolios that lie on this ‘risky
eficient set’ are linear in the reduced vector of mean returns. The minimum
variance among portfolios of the L assets is 1/'¥, " "1; and so on.

This implies: N

Theorem 2. Let an efficient set be computed from the L assets whose covariance
matrix is non-singular. Then the global efficient set is composed of

wX, = 003V (R —red (o —1e); (A.30)
as investment proportions in the L assets and | —or' Xy in the zero-varianee asset F.
The scalar « is positive for efficient portfolios on the positive (negative) segment if
rp is less (greater) than the return ry on the minimum variance portfolio of the L
assets. 0§ is this minimum variance.

Proof. Since the global minimum variance is zero, the efficient set is com-
posed of line segments in the mean-standard deviation space. This means that
there is some tangent to the reduced (L asset} mean-standard deviation efficient
set which passes through rp and gives the global efficient set. From Corollary
3.A, we see that the return at the tangency point must be the solution to

g = Qu.‘dsiav_\ﬁﬁ....qllvvu

where a, b, and ¢ are the three ‘efficient set constaats® for the L assets only.
This equation is reversible, which implies

r, = {brp—aj{crg —b).

Substituting 7, in (A.7) gives the A% investment proporticns vector used in

(A.30).
The last part of the theorem is established by noting that

rp—r, = (a—2brg+ er2)(erp—b).

The numerator is positive since T?_ =ac—-b* > 0.
Q.E.D.

Thus #, = rp implies rp = bfc = ro.

An alternative proof proceeds directly from the variance of the reduced set
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of efficient portfolios. In othe ini i
" of r words, we can find the minimum with respect to

subject to
r=ar,+(I-2)r.

Cmﬂum Eﬂ QQOHOUH m@ﬁ varignce HOH.BE.“_N MCH g ﬂ_u.ﬂ ._mnWH Qm" ivative o
e W & Q..n 15

Aw.ulﬁm.vmn\nl@v|ma.lw.w.1u+nwvuv = {,

and this reduces to
rp = (bre—a)/{crp—b).

M\ 3
. nm.mh ar QM 051 =
ﬁ.\.Q.\n.qG:Q.. H“ hen ﬁ 1§ sin _N m #Q live-varignce mv%m.hmmzh ;UQM H.\:QMHQ.M are

Proof. ,Eumm&.na 2 mro.s.m that the vector «X; of investments in the reduced I,
WMMH.manﬂ i1s proportional _H.om. m.= positive variance efficient portfolios, The

alning mvestment, 1 —or’X,, is placed in a zero-variance asset. Thu th
returns on all efficient portfolios are exactly linearly related. Q m b e

Qualitative results for investment proportions vectors

. ‘Mrm.mﬂm: pattern of :ua. investment proportions vector of an efficient portfolio
s ﬂw _ﬂmanmi datum in several contexts. For exampie, the interdiction of
" m“.mwmmw .mEm would Wmmﬂm a region of the efficient frontier unchanged if and only

ion were characteri - ive i i
Yo rized by totally non-negative investment proportions,
ann%mm,w more importantly, there may exist no efficient vector such that
E&S.Q.z& _M Ennmum Wﬁmﬁ no efficient portfolio has positive investments in all

ssets; which would imply, in turn, that the ° ’ i
s market’ portfolio
Mwoiavwnm om. all mwmn_@ could not be efficient. If the reader thinks 99.% must be
e efficient portfolio whose X vector is iti i
. positive, the counter-exampl

ol , e in the
footnote is offered.?? There seems to be N0 necessary economic Hammow to con-

iz
Let three assets have mean return vector and covariance matrix
,

, 2 2 2
R={123 and V={2 5 6
2 6 10

Using eq. (A.7), it can be veri i
h LAL), erified read i : : ,
in the second asset. ily that every efficient portfolio contains a zereo investment



176 R. Roll, Critique of asset pricing theory tests - I

Jacob, N., 1970, The measurement of market similarity for securities under uncertainty,
Journal of Business 43, 328-340.

Jensen, M.C., 1972a, Capital markets: Theory and evidence, Bell Journal of Economics and
Management Science 3, 357-398.

Jensen, M.C., 1972b, The foundations and current state of capital market theory, in: M.C.
Jensen, ed., Studies in the theory of capital markets (Praeger, New York).

Lintner, J., 1865, The valuation of risk assets and the selection of risky investments in stock
portfolios and capital budgets, Review of Economics and Statistics 47, 13-47.

Lintner, J., 1969, The aggregation of investor’s diverse judgements and preferences in purely
competitive security markets, Journal of Financial and Quantitative Anaiysis 4, 347-400.

Long, J.B., 1976, Mean-variance efficiency and portfolio choice in the context of differential
taxation of dividends and capitaf gains, unpublished rmanuscript (Graduate School of
Management, University of Rochester, NY).

Lorie, J.F. and R. Brealey, 1972, Modern developments in investment management (Praeger,
New York).

Mayers, ., 1973, Nonmarketable asscts and the determination of capital asset prices in the
absence of a riskless asset, Journal of Business 46, 258-267.

Merton, R.C., 1972, An analytic derivation of the efficient portfolio frontier, Journal of
Financial and Quantitative Analysis 7, 1851-1872.

Merton, R.C., 1973, An inter-temporal capital asset pricing model, Econometrica 41, 867-887.

Miller, M.H. and M. Scholes, 1972, Rates of return in relation to risk: A re-examination of
some recent findings, in: M.C. Jensen, ed., Studies in the theory of capital markets (Praeger,
New York).

Modigliani, F., G. Pogue, M. Scholes and B. Soinik, 1972, Efficiency of European capital
markets and comparisen with the American market, Proceedings of the First International
Conference on Stock Exchanges, CISMEC.

Morgan, 1.G., 1975, Prediction of return with the minimum variance zero-beta portfolio,
Journal of Financial Economics 2, 361-376.

Palacios, J., 1973, The stock market in Spain: Tests of efficiency and capital market theory,
unpublished dissertation (Stanford University, CA).

Petit, R.R. and R. Westerfield, 1974, Using the capital asset pricing model and the market
model to predict security returns, Journal of Financial and Quantitative Anpalysis 9, 379-
605.

Pirsig, R.M., 1974, Zen and the art of motorcycle maintenance {William Mormrow, New York).

Quirk, J. and R. Saposnik, 1968, Introduction to general equilibrium theory and welfare
economics (McGraw-Hill, New York).

Roll, R., 1973, Evidence on the ‘growth-optimum’ model, Journal of Finance 28, 551-566.

Roll, R. and B.S. Solnik, 1975, A pure foreign exchange asset pricing maedel, Journal of Inter-
national Economics (forthcoming).

Rosa, J.J., 1975, Rentabilité, risque et equilibre & la bourse de Paris, Working Paper 7508
(Ipstitut Orléanais de Finance).

Ross, S.A., 1972, The arbitrage theory of capital asset pricing, Working Paper 2-73 (Rodney
L. White Center for Financial Research, University of Pennsylvania, Philadelphia, PA),
forthcoming in Fconometrica.

Ross, S.A., 1973, Return, risk and arbitrage, Working Paper 17-73a (Rodney L. White Center
for Financial Research, University of Pennsylvania, Philadelphia, PA).

Ross, S.A., 1976, Mutual fund separation in financial theory - The separating distributions,
Working Paper 1-76 (Rodney L. White Center for Financial Research, University of
Pennsylvania, Philadelphia, PA}.

Ross, S.A., forthcoming, A note on the capital asset pricing model (CAPM), short-selling
restrictions, and related issues, Journal of Finance.

Sharpe, W.F., 1964, Capital asset prices: A theory of market equilibrium under conditions of
risk, Journal of Finance 19, 425442,

Sharpe, W.F., 1970, Portfolio theory and capital markets, (McGraw-Hill, New York).

Szego, G.P., 1975, Nuovi risultati analitici nelia teoria della selezione del portafoglioc (C.N.R.,
Comitato Scienze Economiche, Sociologiche e Statistiche).




