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Arbitrage in Stock Index Futures®

The texthook description of arbitrage suggests that it is a straightfor-
ward matter of taking offsetting positions in different securities and
realizing the arbitrage profit. Such descriptions, however, typically
ignore the transaction costs that give rise to the arbitrage apportunity
in the first place. Taking proper account of these transactions costs
may considerably complicate the problem, particularly when, as is
usually the case, the arbitrage potential is restricted.! This article is
concerned with optimal arbitrage strategies with transaction costs
when the arbitrage potential is restricted by position limits. The partic-
ular case we shall analyze is the Standard and Poor’s (S&P) 500 Stock
Index Futures contract. Optimal arbitrage strategies for a trader who
does not incur transaction costs but who is subject to a position limit
have been analyzed in a recent article by Brennan and Schwartz
(1988).2

Recent evidence on stock index and other financial futures has
shown that these contracts do not always trade at the prices predicted
by a simple arbitrage relation with the spot price. For example, Fig-
lewski (1985) reports that the annualized standard deviation of daily
returns on a portfolio corresponding to the New York Stack Exchange
(NYSE) Index, hedged by a short position in the nearest NYSE futures
contract, was 19.72% for the period January 1981-March 1982; the
corresponding figure for the S&P 500 portfolio for the same period was

* We are grateful to Craig MacKinlay and Krishna Ramaswamy for providing the data
and to Clifford Ball, John Merrick, and Josef Zechner for helpful comments and sugges-
tions. Research assistance was provided by Craig Holden.

1. Stoll and Whaley (1987) point out that the ability of a brokerage firm, e.g., to take
arbitrage positions ‘‘can be constrained by net capital requirements and the manner in
which the ‘hair-cut’ provisions are applied to pasitions in futures and stocks as well as
the manner in which margin requirements are applied to arbitrage positions.”*

2. In Brennan and Schwartz (1988) a simplified transaction-cost structure was also
briefly considered.
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16.46%. Using more recent data, Figlewski (19845) documents a de-
cline in basis variability for the S&P 500 contract since its inception:
nevertheless, he finds that the standard deviation of the basis for the
nearby contract was still 60 basis points for the period May-September
1983; this corresponds to a standard deviation of 6.23% for annualized
arbitrage returns, suggesting that ‘‘there were many attractive (arbi-
trage) opportunities’ (Figlewski 19845, p. 667). Casual empiricism sug-
gests that this variability in the basis has persisted.?

Explanations proposed for the variability in the basis include the
market-to-market requirement for futures contracts,* the differential
tax treatment of spot and futures,” and the existence of a tax-timing
option in a spot position but not in a futures position, as well as the
difficulties of arbitrage between a large portfolio of 500 stocks and a
futures contract.” However, Figlewski (19845) suggests that **noise'” is
the primary explanation for mispricing and shows that once the market
matured, approximately 70% of the arbitrage opportunity was elimi-
nated by the close of the following day.

Whatever its cause, variability in the basis is limited by the actions of
arbitrageurs, and, therefore, in order to understand the behavior of the
basis, it is necessary to analyze the problem of arbitrageurs. In this
article, we take a step in this direction by analyzing the optimal strat-
egy of an arbitrageur, taking as given the stochastic evolution of the
basis.

The classical analysis of futures arbitrage assumes that the arbitrage
position is held until expiration. This is legitimate if there are no posi-
tion limits, either institutional or self imposed, and if the cost of closing
out an existing arbitrage position is equal to the cost of initiating a new
arbitrage position; under these conditions each arbitrage opportunity
may be analyzed independently. However, if the costs of closing out an
existing position are less than that of initiating a new position, then the
carly close-out option has value. For this reason, it may pay to open an
arbitrage position even though the simple arbitrage profit is less than
the cost incurred in opening and closing the position at maturity.® This

3. Other studies of basis risk in stock index futures include Cornell and French (1983),
Modest and Sundaresan (1983), and Figlewski (1984a, 19845); Arditii ¢t al. (1986) show
that stock index futures arbitrage would have outperformed high-ranking mutual funds
over several recent periods.

4. See Cox, Ingersoll, and Ross (1981). French (1983) provides some empirical evi-
dence on the differences between forward and futures prices.

5. See Cornell (1985).

6. See Carnell and French (1983).

7. See Figlewski (19844).

8. The equilibrium implications of this have been noticed by Arditti et al. (1986, p. 63),
who write: ““The underpricing is often close to, but less than, the round-trip transaction
costs. Consequently for the strategy to show a profit, the trade must be unwound when
the futures contract is overpriced; overpricing is a frequent occurrence."’
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makes the strategy followed in closing-out an éxisting arbitrage posi-,
tion important.

Moreover, the existence of a limit on the maximum position that can
be taken makes the option to open an arbitrage position a scarce re-
source. This affects the early close-out strategy and gives rise to the
issue of timing the opening of an arbitrage position; under position
limits, the opening of a long arbitrage position today forecloses the
possibility of opening a similar position tomorrow on possibly more
advantageous terms.

In Section I, we describe the structure of transaction costs. In Sec-
tion I1, we develop basic arbitrage restrictions that must be satisfied by
the value of claims that give the right to open and to close out an
arbitrage position before maturity. Section III shows how these claims
and the optimal strategies for exercising them may be determined
under the assumption that the deviation from the theoretical arbitrage
relation follows a ‘“‘Brownian Bridge' process. Section IV describes
the data, and Section V presents the empirical results. Section VI
concludes the article.

1. Structure of Transaction Costs

Throughout this article, we shall neglect the distinction between fu-
tures and forward prices and shall treat all futures contracts as though
they were forward contracts.® To derive the theoretical arbitrage rela-
tion between spot and futures prices, consider a futures contract of
maturity 7, and let F(1} be the futures price, P(t) be the price of a 71-
period unit discount bond, and § be the current spot price of the under-
lying portfolio. Define G = F(r) - P(t) + PV, (div}, where PV, (div) is
the present value of the dividends payable on the underlying portfolio
up to the maturity of the contract: these dividends are assumed to be
riskless. Let e denote the arbitrage profit in the absence of transaction
costs to be obtained by taking a long position in the underlying port-
folio, hedging it with a short position in the futures contract, and hold-
ing the position until maturity of the futures contract: we shall refer to
this as a simple long arbitrage position; it is simple because it is to be
held until maturity. Then

e=G - 5. (0

Thus, consider the strategy of buying one unit of the underlying
portfolio and borrowing an amount &, which is equal to the present
value of the futures price plus the present value of the dividends pay-
able on the underlying portfolio. This strategy yields an immediate
cash inflow of ¢ and no further net cash flows since the dividends

9, See Cax, Ingcrséll, and Rass (1981).
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received on the portfolio will pay off part of the loan, the balance being
paid by delivering the underlying portfolio against the futures contract.
Therefore, e is the value of the arbitrage profit to be reaped from this
simple long arbitrage position.

Note that, if € is negative, an arbitrage profit of —e can be obtained
by reversing the above strategy to obtain what we shall call a simple
short arbitrage position.

Since stock index arbitrage involves transactions in both the stock
and futures markets, account must be taken of commissions and bid-
ask spreads in the two markets. To open an arbitrage position involves
a futures commission, a stock commission, and the market impact
associated with the stock transaction, due to the bid-ask spread. If the
arbitrage position is held to expiration, the only additional cost is the
commission to close out the futures position and the stock commission
associated with the reversal of the stock position. No market-impact
costs are incurred since the stack can be sold at the market-closing
price, which is the same as the terminal futures price. However, if the
arbitrage position is closed out early, there is an additional cost con-
sisting of the market-impact cost on the stock position.

Therefare, the costs can be conveniently classified as those associ-
ated with the simple arbitrage and the incremental costs associated
with early close out. The former, which we denote by C1, consist of
two futures commissions, two stock commissions, and one market-
impact cost. The latter, which we denote by C2, cansists of one mar-
ket-impact cost.'?

II. Basic Arbitrage Relations

In the absence of transaction costs or position limits, competitive trad-
ers would take an unlimited long or short simple arbitrage position
whenever € was nonzero, so that arbitrage would ensure that e was
always identically zero. In this section, we consider some arbitrage
relations that must be satisfied by the values of claims that give the
right to unwind an existing arbitrage position before maturity (the early
close-out option) or to initiate a new arbitrage position (the arbitrage
option) for a trader who is subject to transaction costs, as described in
the previous section, and possibly to position limits also.

A simple long arbitrage position as defined in Section I involves a
long position in the underlying portfolio and a short position in the
futures contract, held to maturity; € is the riskless profit obtained by
establishing such a position. Similarly, we define a short arbitrage posi-

10. A qseful discussion of the costs of stock index arbitrage or “*program trading” can
be found in Stoll and Whaley (1987). For simplicity, we ignore the timing of the second
stock commission.



Stock Index Futures s1

tion as a short position in the underlying portfolio offset by a long
position in the futures contract, held to maturity; —e is the riskless
profit from establishing a short position.

A long (short) arbitrage position can be closed-out prior to maturity
by taking an offsetting short (long) arbitrage position. In the absence of
transaction costs, this yields an additional arbitrage profit of —e ().

Let Vi(e, 1) (V*(e, 1)) be the value of the right to close a long (short)
arbitrage position prior to maturity when the simple arbitrage profit
before transaction costs is € and the time to maturity of the futures
contract is 7. Similarly, let W(e, 7) be the value of the right to initiate an
arbitrage position.!!

A. No Position Limits

In the absence of position limits, closing out a long (short) position
yields a net benefit after transaction costs of —e — C2 (e — €2) so that
the values of the early close-out options satisfy

Vie, 7} = max[—e — C2, 0], (2)
V*(e, 1) = maxfe — C2, 0]. 3)

Initiating an arbitrage position yields not only the immediate arbitrage
profit but also the right to close the position prior to maturity. There-
fore, the value of the arbitrage option satisfies

Wie, 1) = max[e + V(e,7) — Cl, —e + V¥, 1) — C1,0]. 4)
B. Position Limits

We assume without loss of generality that the arbitrageur is restricted
to a single net long or short arbitrage position at any moment in time,
perhaps because of capital requirements or self-imposed exposure lim-
its.

With a position limit, closing an outstanding arbitrage position not
only yields an immediate arbitrage profit but also gives the arbitrageur
the right to initiate a new arbitrage position in the future. Therefore,
the values of the early close-out options satisfy

V(e, 1) = max[W(e, 1) — € — C2, 0], )
V*(e, 7} = max[W(e, 1) + ¢ — C2, Q). (6)
The value of the arbitrage option will still satisfy condition (4).

Of course, at expiration, € = 0, and all three options have zero
value, so that

V0, 0) = V*0,0) = W0, 0 = 0. (7N
11. In principle, the value of these options, V(-), etc., may depend on additional state

variables, The assumptions we shall make below are sufficient to ensure that the values
depend only on € and 1.
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III. The Valuation Model

In order to value the arbitrage and early close-out options and deter-
mine the optimal strategies for exercising them, it is necessary to make
some assumptions about the stochastic evolution of €, the profit from
initiating a simple arbitrage position. In this article, we assume that the
simple arbitrage profit associated with a given futures contract follows
a continuous-time Brownian Bridge pracess,

de(r) = — % dt + ~dz, (8)

where 7 denotes the time to maturity of the futures contract and dz is
the increment to a Gauss-Wiener process. This Brownian Bridge pro-
cess has the property that the arbitrage profit tends to return to zero
and is zero at maturity with probability one; . determines the speed of
mean reversion, and v is the instantaneous standard deviation of the
process.'?

We assume that the values of the options are determined by dis-
counting their expected payoffs at the risk-free interest rate. This as-
sumption is consistent either with risk neutrality or with a representa-
tive individual model in which innovations in e are orthogonal to
innovations in aggregate consumption. Then it is straightforward to
show that, for ¢ > 0, the values of all three options satisfy a partial
differential equation of the form

e

Vs N2 Ve — Ve -V, —rV =0, 9

where r is the riskless interest rate that is assumed to be constant.
It follows from the symmetry of the stochastic process that

Vie, 1) = V¥(—e, 7). (10)

In the absence of position limits, the value of the early close-out
option satisfies equation (9) subject to the boundary conditions (2) and
(7). Under an optimal exercise strategy, the Merton-Samuelson high-
contact condition implies

Vie7), 1} = —ef7) — C2, (1)

and
Veelr), 7} = — 1, )
where e.(1) is the maximum value of € at which it is optimal to close out

a long arbitrage position. It follows from the symmetry of the problem

12. MacKinlay and Ramaswamy (1988) present some preliminary evidence that the
actions of arbitrageurs cause the stochastic process far e to be path dependent, rather
than Markov, as we have assumed.
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that e {1} = —e¥(7)}, where e*(1) is the minimum value of € at which it is
optimal to close out a short arbitrage position. '

Without position limits, it will pay to initiate arbitrage positions
whenever the right-hand side of expression (4) is positive. The as-
sumed exogeneity of the stochastic process for € implies that the arbi-
trage profits would be infinite. For this reason we shall concentrate
below on the more realistic case in which the arbitrageur is subject to
position limits.

Under position limits, the value of the early close-out option satisfies
equation (9) subject to the boundary conditions (5) and (7), while the
value of the arbitrage option satisfies equation (9) subject to the bound-
ary conditions (4) and (7). Under optimal exercise policies for the
close-out options, their values will satisfy the high-contact condition

V(e(1), T} = Wielt), 7} — gl7) — C2, (13)
Ve (1), 1} = W (e(r), 1) — 1, (14)

where, as before, €. is the optimal value of € at which to close a long
arbitrage position, and e¥* = —e,.

Under the optimal exercise palicy for the arbitrage option, its value
satisfies the comresponding high-contact condition:

W(e,(7), 1) = €,(7) + V(e,(r), 1) — Cl, (15)
Wleo(r), 1) = 1 + Vde,(t}, 7}, (16}
W(—e€,(1), 1) = —€5(1) + V(—¢,(1}), 1) -CI1, (17}
Wd—¢€(1), 1) = —1 + V(—ex1), 1), (18)

where €, ( —¢,) is the optimal value of € at which to apen a long (short)
arbitrage position.

Figure 1 illustrates the valuation schedules for the arbitrage and
early close-out options. The vertical dashed lines correspond to the
values of € at which it is optimal to initiate and close out an arbitrage
position. It is generally the case that €, < ¢, because the early close-out
cost is less than the cost of opening a new position. When € > ¢, it is
optimal to close out the short position, which yields a direct profit of
e — (2 after transaction costs and the option, W, to initiate a new
pasition. For € > ¢, it is also optimal to exercise this option so that W
— V = e — 1 because initiating a long position yields a direct profit e
— €1 and the close-out option V. Combining these results, we have for
e>e, V¥ -V =2 —-Cl - C

The V and V* schedules are monotone in € betause they relate to the
option to close out a long position in one case and a short position in
the other. The W schedule, in contrast, is symmetric because it relates
to the option to initiate either a long or a short position, and this option
has the same value whether exercised at € or —e.
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IV. Data
The value of the simple arbitrage opportunity is defined by
€ = F(T, 1) - e "T749 + PV, (div) — 5(), (19)

where F(T, 1) is the futures price at time ¢ for a contract maturing at
time T, ris the riskless interest rate, PV, (div) is the present value of the
daily dividends on the S&P 500 index portfolio up to the maturity of the
contract, and S(r} is the value of the index at time ¢.

In this article, the measure of the value of the simple arbitrage oppor- -
tunity is a ‘““mispricing’’ series calculated by Craig MacKinlay and
Krishna Ramaswamy (personal communication, 1588) and kindly sup-
plied to us. This series is derived from transactions data on the S&P
500 spot and nearby futures prices every 15 minutes for the period June
17, 1983, to June 18, 1987;"% it employs the daily Center for Research in
Security Prices (CRSP) value-weighted dividend yield and the certifi-
cate of deposit (CD) rate as the riskless interest rate.

This measure of the value of the simple arbitrage opportunity is
imperfect for two reasons. First, it assumes that the dividends are
known with certainty. The error introduced by this assumption is likely
to be small since Kipnis and Tsang (1984} found that dividends can

13. It excludes the 3:15 p.m. futures observations for which there is no synchropaus
spot observatian.
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vary by as much as 10% while moving the implied futures price .20
index points, only or about 0.1%. Second, the value of the S&F 500
index itself is based on the last trade prices, which may cause the index
to lag in changes in equilibrium prices. However, Collins (1986) has
found that the value of the index almost always lies within the bounds
established by bid-and-ask prices of the underlying stocks.

V. Empirical Results

A. The Stochastic Process for €

It can be shown by standard methods that, under the Brownian Bridge
assumption (eq. [8]}, the behavior of €, the value of the simple arbitrage
opportunity, can be represented by

(T — 2
= —_— L — .
) = ¥ - 0B L, 20)
where {B(s); s = 0} is a standard Brownian motion.'*
This implies that the log-likelihood function can be written as
T T

1 u;
l1ncr, T,Z?’ Q1)

In L, y) = —%ln 2 —
t =1

where

1
T—-1

u=et + 1) - (1 - )“e(:),

and

2 -1
2 YT -t - O[ _fy__1 " ]
aof = GIE [l (l T—!) .

The parameters p and v of the stochastic process for € were esti-
mated by maximizing the log-likelihood function (21), and the results
are reported in table 1.'% There is considerable variation in the parame-
ter estimates from contract to contract. However, in all cases, the
estimate of the mean reversion parameter is highly significant. The
overall estimate of 2.28 implies that the expected half-life of € is 26.2%
of the remaining time to expiration.

B. Value of the Arbitrage Opportunity

To gain some insight into the value of the arbitrage opportunity when
there are transaction costs and position limits, partial differential equa-

14. See, e.g., Karlin and Taylor (£981), ch. 15.

15. In estimating the stochastic process, data for the last 5 trading days of the contract
were omitted since it was found that the parameter estimates were very sensitive to these
data,
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TABLE 1 Estimation of p and v from Maximization of Log-likelihood
Function (21)

de(t) = (.-‘_*"T—‘(i)d: + ydz

Contract Noa. of Observations n v

September 1983 1,391 151 .25
{.48)

December 1983 1,391 82 .19
{.20)

March 1984 1,367 1.13 .21
€21)

June 1984 1,319 5.03 21
(.55}

September 1984 1,511 2.04 25
(3

December 1984 1,415 55 22
(.16)

March 1983 L,247 98 22
(203

June 1985 L511 2.60 A8
(:36)

September 1985 1,391 1.22 17
{.23)

December [983 1,533 £.79 2t
(.26)

March 1986 1,491 3.59 v
) {.39)

June 1986 1,517 j.12 .35
(.39

September 1986 1,517 1.41 .36
21)

December 1986 1,543 391 .36
(.43)

March 1987 1,491 14.37 .52
(1.30)

June 1987 1,515 10.27 51
(.92)

All 23,169 2.28 .30
(.08)

Nare.—See text for explanation. Values in parentheses are standard errars.

tion (9) was solved numerically subject to the houndary conditions
(15)—(18) and (7). The values of | and v were those obtained using all
the data, p = 2.28, and v = 0.30.

The transaction-cost assumption was derived from the study of Stoll
and Whaley (1987}, which is summarized in table 2. For our purposes,
these costs must be expressed in the same units as e, that is, in index
points. Assuming an S&P 500 level of 200, we obtain C1 = (62,500/
50,000) =~ 1.2 index points, and €2 = (25,000/50,000) ~ (.5 index
points, where 50,000 is the index multiple of a round lot.

Table 3 gives us the values of the arbitrage and early close-out op-
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TABLE 2 Estimated Transaction Costs for 180
Standard and Paor’s 500 Futures Contracts
(Each Contract Being 500 Times the Value
of the Index)

Cost in Dollars

Raound-lot transaction cost:

Futures commission 1,250
Stock commission 17,500
Market impact 25,000
Cost of opening and sunk close-out cost:
2 futures commission 2,500
2 stock commissions 35,000
1 market impact 25,000
Total 62,500
Cost of early close out:
I market impact 25,000

Source.—Stoll and Whaley (1987).

TABLE 3 Values of Open (W) and Early Close-Out (V for a Long and V* for a
Shori Pasition) Options

o= 2,28,y = 0.30; © = 90 days;
¥ =007, Cl = 1.20, C2 = 0.50

€ —1.50 - 1.00 -.50 .00 50 1.00 1.50
v .51 56 .63 .73 .89 1.19 1.82
v+ 1.82 1.19 .89 3 .63 56 51
w 82 A5 A3 42 45 S5 82

tions in index points for different values of e when the contract has 90
days to expiration. These values may be compared with the value of
the index in the neighborhood of 200. This would imply that a holder of
the S&P portfolio with the assumed transaction costs could increase
her rate of return by approximately 0.25% per quarter if she were able
to sell her stock and replace it with a long futures position, on the one
hand, or purchase an equal amount of stock on margin and hedge it
with a short futures position, on the other hand.

In solving the differential equation for the value of the options, we
also obtain the optimal strategy for initiating and closing out arbitrage
pasitions. In the next subsection we simulate the result of following the
optimal strategy on the sample contracts.

C. Simulated Arbitrage Strategy

The Appendix shows plots of the evolution of €, the simple arbitrage
profit, against calendar time for each of the 16 contracts maturing from
September 1983 to June 1987. Each graph contains 1,300-1,600 obser-
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vations. Note that observations on the same day form vertical lines and
gaps between vertical lines represent nontrading days. Superimposed
on each graph are time series of estimated critical e values above or
below which it is optimal either to initiate or to terminate an arbitrage
position. These were obtained using the stochastic-process parameter
estimates derived from the whole sample of 16 contracts. The inner
pair of critical values of e determine a band outside which it is optimal
to clase out a preexisting arbitrage position. The outer pair determine a
band outside which it is optimal to initiate a new arbitrage position.

It is of interest to note that for some parameter values it may be
optimal to open a new arbitrage position even when the simple arbi-
trage profit is less than the cost of executing the simple arbitrage. The
reason for this is that a simple arbitrage position carries with it an
option to close out early and thereby make an additional arbitrage
profit. In this case, as the contract approaches expiration and the prob-
ability of a profitable early closeout decreases, the minimum e required
to open a new arbitrage position increases. However, for the parameter
values used here, the critical e decreases monotonically as expiration
approaches.

Maximum arbitrage profits are realized when ¢ passes from one criti-
cal bound to another. This occurs relatively infrequently for the 1983—
85 contracts. However, the 1986 and 1987 contracts are considerably
more profitable. Table 4 reports the trades that would have been made
under the aptimal strategy for each contract and the profits that would
have been earned. Each row of the table corresponds to a trade. The
first column is calendar time, calculated by the maximum number of
days in the contract minus the time to maturity. The second column
gives the value of the simple arbitrage opportunity. The third column
describes the nature of the arbitrage position to be taken. Note that a
switch from a long position to a short position or vice versa yields two
simple arbitrage profits. **Out’” denotes the closing of the preexisting
position without opening a new position. Columns 4 and 5 (*‘In"’ and
“Qut’’) denote the critical values of e at which a short position should
be taken and a long position should be closed out. The critical values
for opening a long position and closing a short position are just the
negatives of these. Profit 1 reported in column 6 is based on the as-
sumption that transactions take place at the first price after the critical
value of € is passed. Profit 2 in column 7 is based on the more conserva-
tive assumption that the transactions take place at the critical value of
€. Column 8 reports the costs incurred in each transaction.

The average value for all 16 contracts of profit 1 after transactions
costs is 1.00. The corresponding figure for profit 2 is 0.54. These aver-
age profit figures may be compared with the theoretical value of the
arbitrage opportunity of (.42, which is the value of the right to open an
arbitrage position on a 90-day contract when e equals zero, as reported
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TABLE 4 Arbitrage Transactians by Calendar Time for All 16 Contracts
{in Index Points)
Calendar Time Critical Profit
{in Days) Transaction
by Contract € Pasition In Out 1 2 Casts
(1) @) (3) 4) (5) {6} (7 &
September 1983:
10.76 -1.74 Short 1.50 1.40 1.74 1.50 1.20
42.96 1.21 Out L.40 1.20 1.21 1,20 50
47.93 1.48 Long 1.40 1.15 1.48 1.40 1.20
Total 443 410 290
Net profit 1.53 LA
December 1983:
31.92 1.50 Long 1.45 1.30 1.50 1.45 1.20
Net profit o 25
March 1984:
4.76 1.74 Long 1.55% 1.45 1.74 1.55 1.20
Net profit 54 M)
June 1984 No transactions
September 1984:
46,79 —1.43 Short 1.40 £.20 1.43 1.40 1.20
52.78 1.2t Out 1.40 1.15 .21 1.15 .50
59.90 1.42 Long 1.35 1.05 1.42 1.35 1.20
Tatal 406 3.90 290
Net profit L1g  1.00
December 1984:
.76 1.91 Long 1.55 L.45 1.91 1.55 1.20
Net profit n .35
March 1985:
.76 3.53 Long 1.55 1.45 153 1.55 1.20
Net profit 233 K]
June 1985
.76 2.26 Long 1.60 1.50 2.26 1.60 1.20
Net profit 1.06 .40
September 1985:
11.70 1.50 Long 1.60 1.50 £.50 1.60 1.20
67.78 —.87 Out 1.3 85 .87 85 50
Total 2.37 2.45 L.70
Net profit .67 15
December 1985:
10.99 —1.59 Short 1.50 1.40 L.59 1.50 £.20
73,94 B7 Out 1.30 80 87 .80 50
Total 2.46 2.30 1.70
Net profit .76 .60
March 1986:
16.99 —1.56 Short 1.50 1.40 1.56 1.50 1.20
42.94 1.27 Qut 1.40 1.15 1.27 L.15 50
Total 2.893 2.65 1.7

Net profit 1.13 .95
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TABLE 4 {Continued)

Calendar Time Critical Profit

(in Days) Transaction

hy Contract € Position In Out 1 2 Costs
(1) 2} 3 4 ) ()] 7} #)

Tune 1986:

1.99 1.58 Long £.35 1.45 1.58 £.55 1.20
10.99 —1.41 Ont 1.50 1.40 1.41 1.40 .50
49.94 —1.46 Short 1.40 £.10 1.46 .40 1.20
§1.79 &7 Out 1.25 .65 .67 65 50
Total 154 345 2.20
Net profit 134 125

September 1986:

97 -1.89  Short 1.55 1.45 1.89 1.53 £.20
77.81 70 Qut 1.30 70 70 70 50
80.81 £.82 Short £.25 .65 1.82 £.25 1.20
88.95 54 Out 1.20 50 54 50 50
Tatal 3.06 2.45 2.0
Net profit .86 .25

December 1986:

14 -2.30 Short 1.55 1.45 2.30 1.55 1.20
60.90 95 Qut 1.35 96 .95 96 .50
71.00 1.48 Long 1.30 85 1.48 1.30 1.20
80.80 -1.42 Short 1.25 .63 2.84 1.90 170
84,92 84 Qut L.25 60 .84 .60 50
Total 5.16 3.8 3.40
Net profit 1.76 40

March 1987

799 —-1.76  Short 1.55 1.45 176 1.55 1.20
35.76 1.79 Long 1.45 1.25 3158 2.70 1.70
52.75 -1.14  Out 1.35 1.05 .14 105 .50
86.75 -1.53 Short 1.20 35 1.53 1.20 1.20
88.78 76 Qut £.20 50 .76 .50 .50
88.96 £.58 Lang £.20 50 1.58 1.20 1.20
88.88 —L04  OQOut 1.20 500 1.04 50 A0
Tatal 33 20 2.20
Net profit 1.18 00

June 1987:
21.98 —1.59 Short 1.50 1.35 £.59 1.30 1.20
77.80 72 Qut 1.30 .70 .72 70 .50
Total 2.31 2.20 1.70
Net profit .61 50

Average for

all L6 contracts:

Tatal 2.78 2.33 1.79
Net profit 1.00 54

NoTte.—See text for complete explanation.



821

Stack Index Futures

Al STl 0g'l SE'l oF'L o'l Skl sl 39 S 091 oe 87T uv
0T'T §T1 (U} 0Tl 0Tl \ray } §T1 gl se'l el or'l e fra! 4861 Junf
0Tl §T1 0Tt STT ST STI trad | ol UL sTI o'l (4 LErl L8361 Yorey
6Tl $TT §TT Kl 0l SEI SN o'l ¥l L 051 9¢ le't 9861 13qQUIRIT
0t IS 1 IS | 091 0L°1 eL'l 08l 06°L $6'l Lt 9’ L8 986 fequadag
gT’1 sT'1 0g'l o'l ST (U1 0¥’ S 051 139 (2] e e 9861 Junf
(U §T1 (U3} oLl oLl o'l st LU oF'I S¥1 st e 65t 9861 UMNER]
(U} STT oe'l 0Ll SE'1 oF'[ or'1 or'l Y § 1S4 0s'1 ¥4 6l'l §861 QU
0T &1 0g'l el ee'l oF'[ o'l ST SEl 051 051 Lr Wl $861 laquaidag
el cT'l sl A 01 o'l 0t 1l oLl el I3 st s 09°¢ $86[ Iunf
(U 0t'l ol DA | 58T 01 91 §9°1 0L'T eL'1 e 80 £86T U2IB
(U se'l 08l 091 91 sL°l 08l - | 06°L $6°[ Q0T o’ 39 P61 R2QUIdA]
0Tt §T1 0l ce'l gl oF'l 0¥l S¥'1 S 0571 ST T Fo'T ¥861 Jaquiaidag
el (U sl sT'I sTT Tl Tl §T1 YA 5T &1 T £0'% Fa6L uny
\ra | 0t'1 sel 0¥’ 1 sl 081 0T 39| 09°'1 09l el I AN ¥861 UdIE|]
wr 0t SE'T 1 0s'1 IS | (S | 091 91 0L°1 oLt 6l %’ £86] 19qUIava(]
0Tt s ST 0’1 et gl 0g'l 0t'1 sel 13 el T ¢ €361 saquandag
66 05 08 174 09 05 0¥ 0c jtrd ] g A " Renuos)
(sfB(q W) Wy, JepusE) sateuInsy
IRy
(womsod HFEINAIY UE IENIU] 0} 3 JO I0[eA [BINLL))
SRS WIAUEIE] §53004] JISEYI0IE 0] SIN[EA UL 3 JO IN[EA [ENWNL) T JO APANISUE S HTAV.L



512 Journal of Business

in table 3. In addition to sampling error, the discrepancy may be attrib-
uted to the discreteness of the price observations, as well as to possible
misspecification of the stochastic process.

The theoretical model assumes that the value of the simple arbitrage
profit may be monitored continuously and that arbitrage positions may
be taken at any time. Also, the optimal policy was derived using the
stochastic process parameters estimated from the observations for all
contracts despite the fact that we could reject the constancy of the
mean reversion parameter across contracts. Table 5 shows the sen-
sitivity of the optimal policy to the estimation period in terms of the
critical value of e at which it is optimal to initiate an arbitrage position.
These results suggest that, in particular for days that are far away from
maturity, the critical e values are sensitive to the parameter estimates.

VI. Conclusion

In this article we have developed the optimal strategy for a program
trader or arbitrageur in stock index futures contracts and have
simulated the performance of the strategy on 16 futures contracts
maturing from 1983 to 1987. The optimal policy depends on the sto-
chastic process that describes the evolution of the simple arbitrage
opportunity. We assumed that the simple arbitrage opportunity follows
a Brownian Bridge process whose parameters we estimated. The pa-
rameters were not stationary across contracts, possibly because the
contract is stifl maturing.

The real challenge, however, remains to endogenize the stochastic
behavior of the simple arbitrage opportunity given the nature of trans-
action costs and the structure of the market.
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Appendix

Standard and Poor’s 500 Stock Index Futures Coentracts,
September 1983—June 1987
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FiG. Al.—September 1983 contract
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Fia. A2.—December 1983 contract
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